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We introduce an abstract class of bosonic QFT Hamiltonians and study their spectral 
and scattering theories. These Hamiltonians are of the form H = dr(w) + V acting on the 
bosonic Fock space where w is a massive one-particle Hamiltonian acting on t) and V 

is a Wick polynomial Wick(w) for a kernel w satisfying some decay properties at infinity. 

We describe the essential spectrum of H , prove a Mourre estimate outside a set of thresh- 
olds and prove the existence of asymptotic fields. Our main result is the asymptotic com- 
pleteness of the scattering theory, which means that the CCR representations given by the 
asymptotic fields are of Fock type, with the asymptotic vacua equal to the bound states of H . 
■ As a consequence H is unitarily equivalent to a collection of second quantized Hamiltonians. 

in 

^ ' 1 Introduction 
O 

OO' 1.1 Introduction 

O ' 

In recent years a lot of effort was devoted to the spectral and scattering theory of various models 
of Quantum Field Theory like models of non-relativistic matter coupled to quantized radiation or 
self-interacting relativistic models in dimension 1 + 1 (see among many others the papers [AHHJ, 
[DOT] . [DG2] . [FGSchj . [FGS] . [LL], [P], (Sp) and references therein). Substantial progress was 
made by applying to these models methods originally developed in the study of N— particle 
Schroedinger operators, namely the Mourre positive commutator method and the method of 
propagation observables to study the behavior of the unitary group e -1 *^ for large times. 

Up to now, the most complete results (valid for example for arbitrary coupling constants) 
on the spectral and scattering theory for these models are available only for massive models and 
for localized interactions. (For results on massless models see for example [FGS] and references 
therein). 

It turns out that for this type of models, the details of the interaction are often irrelevant. 
The essential feature of the interaction is that it can be written as a Wick polynomial, with a 
symbol (see below) which decays sufficiently fast at infinity. 

The conjugate operator (for the Mourre theory), or the propagation observables (for the proof 
of propagation estimates), are chosen as second quantizations of corresponding operators on the 
one-particle space h. 
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In applications the one-particle kinetic energy is usually the operator (k 2 + m 2 )a acting on 
L 2 (R d ,dk), which clearly has a nice spectral and scattering theory. Therefore the necessary 
one-particle operators are easy to construct. 

Our goal in this paper is to describe an abstract class of bosonic QFT Hamiltonians to which 
the methods and results of |DG2j . |DGlj can be naturally extended. 

Let us first briefly describe this class of models. We consider Hamiltonians of the form: 

H = Hq + V, acting on the bosonic Fock space r(h), 

where Hq = dr(cj) is the second quantization of the one-particle kinetic energy uj and V = 
Wick(u)) is a Wick polynomial. To define H without ambiguity, we assume that Hq + V is 
essentially selfdjoint and bounded below on V(Hq) n T>(V). 

The Hamiltonian H is assumed to be massive, namely we require that uj > m > and 
moreover that powers of the number operator N p for p G N are controlled by sufficiently high 
powers of the resolvent (H + b)~ m . These bounds are usually called higher order estimates. 

The interaction V is supposed to be a Wick polynomial. If for example f) = L 2 (M. d , dk), this 
means that V is a finite sum V = 52 eI Wick(i«p )? ) where Wick(io P)9 ) is formally defined as: 

Wick(w M ) = J a*(K)a(K')w M (K,K')dKdK', 

for 

K = (h,...,k p ), K' = (k' 1 ,...,k' q ), a*(K)=U p i=1 a*(k i ), a* (K') = Uf =1 a(K), 

and w Pt q(K, K') is a scalar function separately symmetric in K and K' . To define Wick(u>) 
as an unbounded operator on r(fj), the functions w Piq are supposed to be in L 2 (R^ + ^ d ). The 
functions w Ptq are then the distribution kernels of a Hilbert-Schmidt operator w Ptq from ®| ^ into 
®s§. Putting together these operators we obtain a Hilbert-Schmidt operator w on r(f)) which is 
called the Wick symbol of the interaction V . 

In physical situations, this corresponds to an interaction which has both a space and an 
ultraviolet cutoff (in one space dimension, only a space cutoff is required). 

As said above, it is necessary to assume that the one-particle energy uj has a nice spectral 
and scattering theory. It is possible to formulate the necessary properties of u; in a very abstract 
framework, based on the existence of only two auxiliary Hamiltonians on f). The first one is 
a conjugate operator a for u, in the sense of the Mourre method. The second one is a weight 
operator (x) , which is used both to control the 'order' of various operators on f) and as a way to 
localize bosons in f). Note that the one-particle energy u may have bound states. 

The first basic result on spectral theory that we obtain is the HVZ theorem, which describes 
the essential spectrum of H. If a ess (u:) = [moo, +00 [ for some > m > 0, then we show that 

cr css (H) = [inf a{H) + moo, +00 [, 

in particular H always has a ground state. 

We then consider the Mourre theory and prove that the second quantized Hamiltonian A = 
dr(a) is a conjugate operator for H . In particular this proves the local finiteness of point 
spectrum outside of the set of thresholds, which is equal to 

r(H)=a pp (H)+drW(r(uj)), 
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where t(lo) is the set of thresholds of u for a and dT^(E) for E C R is the set of all finite sums 
of elements of E, 

The scattering theory for our abstract Hamiltonians follows the standard approach based on 
the asymptotic Weyl operators. These are defined as the limits: 

W ± (h)=s- lim e itH W(ht)e- itH , /i£f) c (u), 

where f) c (^0 is the continuous spectral subspace for u and h t = e~ ltLU h. The asymptotic Weyl 
operators define two CCR representations over t) c (u). Due to the fact that the theory is massive, 
it is rather easy to see that these representations are of Fock type. The main problem of scat- 
tering theory is to describe their vacua, i.e. the spaces of vectors annihilated by the asymptotic 
annihilation operators a ± (/i) for h € f) c (k-0- 

The main result of this paper is that the vacua coincide with the bound states of H . As a 
consequence one sees that H is unitarily equivalent to the asymptotic Hamiltonian: 

H \H PP (H) ® 1 + 1 ® dT(w), acting on H PV {H) ® r(fj c (w)). 

This result is usually called the asymptotic completeness of wave operators. It implies that H 
is unitarily equivalent to a direct sum of Ei + dY(uj\^t^\), where Ei are the eigenvalues of H . 
In more physical terms, asymptotic completeness means that for large times any initial state 
asymptotically splits into a bound state and a finite number of free bosons. 

We conclude the introduction by describing the examples of abstract QFT Hamiltonians to 
which our results apply. 

The first example is the space-cutoff P((f)2 model with a variable metric, which corresponds 
to the quantization of a non-linear Klein-Gordon equation with variable coefficients in one space 
dimension. 

The one-particle space is f} = L 2 (R,dx) and the usual relativistic kinetic energy (D 2 +?n 2 )2 
is replaced by the square root of a second order differential operator h = Da(x)D + c(x), 
where a(x) — ► 1 and c(x) — ► m 2 ^ for > when x — > oo. (It is also possible to treat functions 
c having different limits > at ±oo). 

The interaction is of the form: 

V = g(x) :P(x,<p(x)): dx, 

where g > is a function on R decaying sufficiently fast at oo, P(x, A) is a bounded below 
polynomial of even degree with variable coefficients, ip(x) = 4>{uj~^5 x ) is the relativistic field 
operator and : : denotes the Wick ordering. 

This model is considered in details in |GP| . applying the abstract arguments in this paper. 
Note that some conditions on the eigenfunctions and generalized eigenfunctions of h are necessary 
in order to prove the higher order estimates. 

The analogous model for constant coefficients was considered in |DGlj . Even in the constant 
coefficient case we improve the results in [DG1| by removing an unpleasant technical assumption 
on g, which excluded to take g compactly supported. 

The second example is the generalization to higher dimensions. The one-particle energy u is: 

uj = ( ^ D i a ij (x)D j + c(V))2, 

l<i,j<d 
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where h = Yli<i j<dDi<iij{x)Dj +c(x) is an elliptic second order differential operator converging 
to D 2 + m 2 ^ when x — > oo. The interaction is now 

g(x)P(x,<p K (x))dx, 

where P is as before and <p K (x) = (f){uj~^F{uj < k)5 x ) is now the UV-cutoff relativistic field. 
Here because of the UV cutoff, the Wick ordering is irrelevant. Again some conditions on 
eigenfunctions and generalized eigenfunctions of h are necessary. 

We believe that our set of hypotheses should be sufficiently general to consider also Klein- 
Gordon equations on other Riemannian manifolds, like for example manifolds equal to the union 
of a compact piece and a cylinder M + x M, where the metric on M + x M is of product type. 

1.2 Plan of the paper 

We now describe briefly the plan of the paper. 

Section [2] is a collection of various auxiliary results needed in the rest of the paper. We first 
recall in Subsects. 12.11 and 1 2.21 some arguments connected with the abstract Mourre theory and 
a convenient functional calculus formula. In Subsect. 12.31 we fix some notation connected with 
one-particle operators. Standard results taken from |DGlj . |DG2| on bosonic Fock spaces and 
Wick polynomials are recalled in Subsects. 12.41 and [2.61 

The class of abstract QFT Hamiltonians that we will consider in the paper is described in 
Sect. [3l The results of the paper are summarized in Sect. [U In Sect. [5] we give examples of 
abstract QFT Hamiltonians to which all our results apply, namely the space-cutoff P{y>)2 model 
with a variable metric, and the analogous models in higher dimensions, where now an ultraviolet 
cutoff is imposed on the polynomial interaction. 

Sect. [6] is devoted to the proof of commutator estimates needed in various localization 
arguments. The spectral theory of abstract QFT Hamiltonians is studied in Sect. El The essential 
spectrum is described in Subsect. 17.11 the virial theorem and Mourre's positive commutator 
estimate are proved in Subsects. 17.21 17.41 and 17.51 The results of Sect, dare related to those of 
P], where abstract bosonic and fermionic QFT Hamiltonians are considered using a C*— algebraic 
approach instead of the geometrical approach used in our paper. Our result on essential spectrum 
can certainly be deduced from the results in p]. However the Mourre theory in [1] requires that 
the one-particle Hamiltonian u has no eigenvalues and also that u is affiliated to an abelian 
C* -algebra O such that e ita Oe-' lta = O, where a is the one-particle conjugate operator. In 
concrete examples, this second assumption seems adapted to constant coefficients one-particle 
Hamiltonians and not satisfied by the examples we describe in Sect. [5] 

In Sect. [8]we describe the scattering theory for abstract QFT Hamiltonians. The existence 
of asymptotic Weyl operators and asymptotic fields is shown in Subsect. 18.11 Other natural 
objects, like the wave operators and extended wave operators are defined in Subsects. 18.21 18.31 

Propagation estimates are shown in Sect. [H The most important are the phase-space prop- 
agation estimates in Subsect. 19.21 19.31 and the minimal velocity estimate in Subsect. 19.41 

Finally asymptotic completeness is proved in Sect. [lOl The two main steps is the proof 
of geometric asymptotic completeness in Subsect. 110.41 identifying the vacua with the states for 
which no bosons escape to infinity. The asymptotic completeness itself is shown in Subsect. 110.51 

Various technical proofs are collected in the Appendix. 
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2 Auxiliary results 

In this section we collect various auxiliary results which will be used in the sequel. 
2.1 Commutators 

Let A be a selfadjoint operator on a Hilbert space TL. If B E B(TL) on says that B is of class 
C l {A) [ABG] if the map 

e itA Be~ itA E S(W) 

is C 1 for the strong topology. 

If H is selfadjoint on TL, one says that H is o/ c/ass C 1 ^) |ABG| if for some (and hence all) 
z E C\a(H), (H - z)" 1 is of class C l (A). The classes C*^) for k > 2 are defined similarly. 

If -ff is of class C 1 (A), the commutator [H, iA] defined as a quadratic form on T>{A) PiV(H) 
extends then uniquely as a bounded quadratic form on T>(H). The corresponding operator in 
B(V(H),V{H)*) will be denoted by [HAA} . 

If H is of class C l (A) then the virial relation holds (see |ABGj ): 

l {x} (H)[H,iA] l {x} (H) = 0, A EM. 

An estimate of the form 

MH)[H,iA]oMH) > c ij(H) + K, 
where I C M is a compact interval, Co > and K a compact operator on TL, or: 

MH)[H,iA]oh(H) >coh(H), 

is called a (strict) Mourre estimate on /. An operator A such that the Mourre estimate holds 
on I is called a conjugate operator for (on /) . Under an additional regularity condition of H 
w.r.t. A (for example if H is of class C 2 (A)), it has several important consequences like weighted 
estimates on (H — X ± i0) _1 for A E / (see e.g. |ABG| ) or abstract propagation estimates (see 
e.g. [ESS]). 

We now recall some useful machinery from {ABGj related with the best constant cq in the 
Mourre estimate. Let H be a selfadjoint operator on a Hilbert space TL and B be a quadratic 
form with domain V{H M ) for some M E N such that the wmal relation 

(2.1) l {A} (tf)£]l {A} (tf) = 0, A EM, 

is satisfied. We set 

pi (A) := sup{a E R| 3 x E C7 °°(M), X (A) ^ 0, X (H)B X (H) > a X 2 (H)}, 

PhW ■= su P {a E M| 3 X € C °°(R), x(A) ^ 0, 3 K compact, X {H)B X {H) > a X 2 (H) + iT}. 

The functions, pfj, p^j are lower semi-continuous and it follows from the virial relation that 
Ph(\) < oo iff A E a(H), p% (A) < oo iff A E d css (^) (see jABGl Sect. 7.2]). One sets: 

7*(ff) := {A| pf (A) < 0}, k b {H) := {A| p B H (A) < 0}, 

which are closed subsets of R, and 

MS (JJ) :=u^{H)\r B {Il). 
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The virial relation and the usual argument shows that the eigenvalues of H in ps{H) are of 
finite multiplicity and are not accumulation points of eigenvalues. In the next lemma we collect 
several abstract results adapted from [ABGJ, [BGJ. 

Lemma 2.1 i) if A G p B (H) then p% (A) =0. If X G" p B (H) then p% (A) = pf (A). 
«J p#(A) > iff p£[(\) > and A a pp (H), which implies that 

K B (H)=T B (H)Ua pp (H). 

Hi) Let TL = Ji\ ffi TL2, H = Hi ffi H 2 , B = B\ ffi B2, where Bi, H,B are as above and satisfy 
POP- Then 

pg(A)=min(pg(A),^(A)). 

iv) Let H = Hi © H 2 , H = Hi © 1 + 1 © H 2 , B = B\ © 11 + 1 © S 2 , wftere Bj, H, B are as 
above, satisfy h2. 1\) and Hi are bounded below. Then 

p B H (A) = ^ mf =A (p B H \{\i) + pg(A 2 )) . 

Proof, ij, can be found in |ABGl Sect. 7.2], in the case B = [H,iA] for A a selfjadjoint 
operator such that H E C l {A). This hypothesis is only needed to ensure the virial relation (12. ip . 
raj is easy and iuj can be found in [BGJ Prop. Thm. 3.4] in the same framework. Again it is 
easy to see that the proof extends verbatim to our situation. □ 

Assume now that H, A are two selfadjoint operators on a Hilbert space H such that the 
quadratic form [H, iA] defined on V{H M ) n V(A) for some M uniquely extends as a quadratic 
form B on V(H M ) and the virial relation (12.11) holds. Abusing notation we will in the rest of 
the paper denote by p^, p^, ta{H), ka(H) the objects introduced above for B = [HAA]. The 
set ta(H) is usually called the set of thresholds of H for A. 

2.2 Functional calculus 

If x £ Co°(^)> we denote by \ £ C^°(C) an almost analytic extension of x, satisfying 

X|K = Xi 

\dzX(z)\ < C n |Imz| n , n G N. 
We use the following functional calculus formula for \ G C^°(IR) and ^4 selfadjoint: 

(2.2) X (A) = ± I d- z x(z){z - A)- l dz Adz. 

2vr J c 

2.3 Abstract operator classes 

In this subsection we introduce a poor man's version of pseudodifferential calculus tailored to 
our abstract setup. It rests on two positive selfadjoint operators u and (x) on the one-particle 
space f). Later u will of course be the one-particle Hamiltonian. The operator (x) will have two 
purposes: first as a weight to control various operators, and second as an observable to localize 
particles in f). 



6 



We fix selfadjoint operators to, (x) on f) such that: 
<jj > m > 0, (x) > 1, 

there exists a dense subspace Set) such that to, (x) : <S — ► 5. 

To understand the terminology below the reader familiar with the standard pseudodifferential 
calculus should think of the example 

f) = L 2 (M d ), u; = (-D 2 + 1)5, <x) = (x 2 + 1)3, and S = S(R d ). 

To control various commutators later it is convenient to introduce the following classes of 
operators on t). If a, b : S — > S we set ad a 6 = [a, 6] as an operator on S. 

Definition 2.2 For m £ R, < 6 < \ and k € N we sei 

= {b : S -+ \) | (x) a b(x)-»- m € B(f>), a G R}, 

anc? for k > 1 : 

5 5 m (fe) = {6:5^5| (x)- s ad^ ) ad^6(x) s - m+ ( 1 - 5 )' 3 - 50 €B(h) a + /? < k, s£»}, 
where the multicommutators are considered as operators on S. 

The parameter m control the "order" of the operator: roughly speaking an operator in is 
controlled by (x) m . The parameter k is the number of commutators of the operator with (x) 
and u> that are controlled. The lower index 5 controls the behavior of multicommutators: one 
looses (x) s for each commutator with (x) and gains (x) 1_<5 for each commutator with uj. 

The operator norms of the (weighted) multicommutators above can be used as a family of 
seminorms on SJ 1 ^. 

The spaces for 5 = will be denoted simply by S'^y We will use the following natural 

notation for operators depending on a parameter: 

if b = b(R) belongs to for all R > 1 we will say that 

beO(R»)S% k) , 

if the seminorms of R~^b(R) in S™,^ are uniformly bounded in R. The following lemma is easy. 



Lemma 2.3 i) 



QTfll v QTU2 (— om\m,2 



ii) Let b £ Sffl. Then J(^-)b(x) s e 0(R m+s ) for m + s > if J € C^(R) and for alls£R if 
JeC °°(]0,+oo[). 

Proof, i) follows from Leibniz rule applied to the operators ad^ and ad w . ii) is immediate. □ 
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2.4 Fock spaces. 

In this subsection we recall various definitions on bosonic Fock spaces. We will also collect some 
bounds needed later. 

Bosonic Fock spaces. 

If f) is a Hilbert space then 

oo 

r(0) :=©®?fc 

n=0 

is the bosonic Fock space over f). Q G r(h) will denote the vacuum vector. The number operator 
N is defined as 



= nt. 

<8> s n f) 



AT 

We define the space of finite particle vectors: 

rfin(f)) := {« G T(f)) | for some n G N, i[ 0jn ](iV)n = u}, 
The creation- annihilation operators on r(f)) are denoted by a*(/i) and a(h). We denote by 

4>{h) ■= -±=(a*(h) + a(h)), W(h) := e^ h \ 

the field and Wey/ operators. 
dr operators. 

If r : f)i — ^ f)2 is an operator one sets: 

dT(r) : r(^) - r(f) 2 ), 



dT(r) := V ^ r <g, 

<8>" f)i j=i 

with domain rg n (D(r)). If r is closeable, so is dr(r). 
T operators. 

If : f)i i — >■ f)2 is bounded one sets: 

r(g) : r(f)i) » r(f) 2 ) 

<8>s f)i 

r(g) is bounded iff ||<?|| < 1 and then ||r(g)|| = 1. 

dr(r, q) operators. 

If r, q are as above one sets: 

dT(q,r) irftO-rOja), 

n 
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with domain Tn n (V(r)). We refer the reader to [DGll Subsects 3.5, 3.6, 3.7] for more details. 
Tensor products of Fock spaces. 

If hi, fj2 are two Hilbert spaces, one denote by U : T(hi) ® I^fo) - ► r(hi © fo) the canonical 
unitary map (see e.g. |DGll Subsect. 3.8] for details). 
IfW = T(h), we set 

H cxt := W©H~r(h©h). 

The second copy of TL will be the state space for bosons living near infinity in the spectral theory 
of a Hamiltonian H acting on TL. 

Let H = dr(w) + V be an abstract QFT Hamiltonian defined in Subsect. 13.11 Then we set: 

^scatt .- n ® T $ c (u)). 

The Hilbert space r(h c (cj)) will be the state space for free bosons in the scattering theory of a 
Hamiltonian H acting on TL. We will need also: 

H ext := H ® 11 + 1 ® dT(w), acting on H ext . 

Clearly W scatt C TL ext and H ext preserves TL scatt . We will use the notation 

N := iV® 1, iVoo := 1 © N, as operators on W ext or W scatt . 

Identification operators. 

The identification operator is defined as 

/ : H cxt -> W, 

I := r(*)tf, 

where Z7 is defined as above for fji = f)2 = f) and: 

i : f)©h -> h, 

oo ■ 

We have: 

n p n p 

I n a*(/ii)n © n a*(#;)^ := n a* fa) n a*(5i)n, hi G h, flj G h. 

i=l i=l i=l i=l 

If w is a selfadjoint operator as above, we denote by J scatt the restriction of I to 7^ scatt . 

Note that \\i\\ = y/2 so T(i) and hence /, J scatt are unbounded. As domain for I (resp. J scatt ) 
we can choose for example V(N°°) ® r fin (h) (resp. V(N°°) © r fin (h c (u;))). We refer to [DGTl 
Subsect. 3.9] for details. 

Operators I (J) and dl(j, k). 

Let jo, joo G B(ty) and set j = (j , joo)- We define 

:r fin (h)®r fin (h) -r fin (h) 
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I (J) :=JT(jo)®r(joo). 

If we identify j with the operator 

j : i) J) -» J), 

(2.3) 

then we have 

/(i) = r(j)i7. 

We deduce from this identity that if j'oj'o + J°oj2o = 1 ( res P- ioio + Joofoo < !) then J *0') is 
isometric (resp. is a contraction). 

Let j = (ioiioo)) & = (Mb ^oo) be pairs of maps from f) to f). We define 

di(j,fc) : r fin (h)®r fin (f)) -r^ft) 

as follows: 

di(j, k) -.= J(dr(j 0) /c ) ® r(ioo) + r(j ) © dr( Joo , k^)). 

Equivalently, treating j and k as maps from f) © f) to f) as in (|2.3p . we can write 

d/(j,A;) :=dr(i,fc)C/. 

We refer to [DGT1 Subsects. 3.10, 3.11] for details. 
Various bounds. 

Proposition 2.4 i) let a,b two selfadjoint operators on f) with b > and a 2 < b 2 . Then 

dT(a) 2 < dT(b) 2 . 

ii) letb>0, l< a. Then: 

dT(b) a < N a ^dr(b a ). 

Hi) let < r and < q < 1. Then: 

dT(q,r) < dr(r). 

iwj Lei r, ri,r2 £ -B(f)) and ||q|| < 1. Then: 

\{u2\dT(q,r 2 ri)ui)\ < ||dr(r2r|) ati 2 ||||dT(r*ri) a«i ||, 

\\N~^dT(q,r)u\\ < ||dr(r*r)5u||. 
v) Let j jo + joojto ko, koo selfadjoint. Then: 

\(u 2 \di*(j,k) Ul )\ < ||dr(|fco|)3®i« 2 [|[|dr(|fco|)5iii|| 

+p® drdfcooD^ainidrdfcooD^iii, Ul e r(h), u 2 e r(h) ® r(h). 

||(iVo + iVooj-sdrc?, fc)«|| < ||dr(fcofc5 + fcooA&)M, « e r(h). 

Proof, is proved in [GGMl Prop. 3.4]. The other statements can be found in |DGll Sect. 3]. 
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2.5 Heisenberg derivatives 

Let H be a selfadjoint operator on r(h) such that H = dr(w) + V on V{H m ) for some m G 
N where is selfadjoint and V symmetric. We will use the following notations for various 
Heisenberg derivatives: 

d o = m + ] acting on 5(h), 

D = | + [F ,i-], D = f + [tf,i-], acting on S(r(h)), 

where the commutators on the right hand sides are quadratic forms. 
If R 3 t ^ M(t) G B(V(H),H) is of class C 1 then: 

(2.4) U X (H)M(t) X (H) = X (H)B M(t)x(H)+x(H)[V,iM(t)]x(H), 

for X 6 C^(R). 

If R 9 m(i) G 5(h) is of class C 1 and # = dr(w) then: 



D dr(m(t)) = dr(d m(t)). 



2.6 Wick polynomials 



In this subsection we recall some results from [PGll Subsect. 3.12]. 
We set 

Bfiu(r(f))) := {B G S(r(h)) I for some n G N l [0 , n] (iV) J Bl [ o,„](^) = B}. 
Let u> G .B(<g>f h, ®fh). We define the operator 

Wick(^) : r fin (h) - r fin (h) 

as follows: 



(2.5) WickK 



- v /n!(n + <?-]?)! 
(n-p)! 



The operator Wick(w) is called a Wicfc monomial of order (p,q). This definition extends to 
it) G i?fi n (r(h)) by linearity. The operator Wick(t«) is called a Wick polynomial and the operator 
w is called the symbol of the Wick polynomial Wick(io). If w = Ylfo q)ei w pa ^ or w p,q °^ or der 
(p, g) and IcN finite, then 

deg(w) := sup p + q 

is called the degree of Wick(tt;). If hi, ... , h p , gi,...,g g G h then: 

Wick (| 01 ® s • • • ® s ® s • • • <8 S fri)|) = a *0?i) • • • a*(g q )a(h p ) ■ ■ ■ a(hi). 

We recall some basic properties of Wick polynomials. 
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Lemma 2.5 

i) Wick(t«)* = Wick(u>*) as a identity on rfi n (h). 
ii) If s- lim w s = w, for w s ,w of order (p, q) then for k + m> (p + q)/2: 

s-lim(iV + l)~ k Wick(w s )(N + l)~ m = (N + l)- fe Wick(u>)(iV + l)" m . 

s 

in) \\(N + l)^ fc WickH(iV + l)- m || < C\\w\\ B(m) , 
uniformly for w of degree less than p and k + m > p/2. 

Most of the time the symbols of Wick polynomials will be Hilbert- Schmidt operators. Let us 
introduce some more notation in this context: we set 

BjL(r(f>)) :=B 2 (r(()))n£ fin (r(h)), 

where B 2 (TL) is the set of Hilbert-Schmidt operators on the Hilbert space TL. Recall that ex- 
tending the map: 

B 2 (H) 3 \u)(v\ ^ u®v £TL®TL 

by linearity and density allows to unitarily identify B 2 (TL) with TL ®TL, where TL is the Hilbert 
space conjugate to TL. Using this identification, L?| n (r(h)) is identified with rfi n (rj) ®rg n (h) or 
equivalently to rfi n (f) © h). We will often use this identification in the sequel. 

If u G <8>™f), v G 0™ f), w G B(®s f), ®f f)) with m < p, n < q, then one defines the contracted 
symbols: 

(v\w : = (H ® s «; G L?(®fh, ®f- n [)), 

H«) := w (\u) ® s 1®<P-™)) G L?(®r m l), ®fh), 

(v\w\u) := ® s «, (|u) ® s l®(p- m )^j G L?(®r m I), ®f~ n f>). 

If a is self adjoint on f) and u; G L?| n (r(f))), we set 

|||dT(aH|| = Yl IK a )i® 1 r(W u; llBl n (r(f,))+ ll%XW ® ( s )HliJ-| n (r(W)> 

l<i<oo l<i<oo 

where the sums are finite since w G 2?| n (r(h)) ~ rg n (f)) <S> rg n (f)) and one uses the convention 
\\au\\ = +00 if u G" L>(a). 

We collect now some bounds on various commutators with Wick polynomials. 

Proposition 2.6 Lei 6 a self adjoint operator on i) and w G L?fi n (r(f))). Then: 

[dr(fe), Wick(w)] = Wick([dr(6),w]). 

as quadratic form on V(dT(b)) n £>(jV dc sM/ 2 ). 

«J Lei (? a unitary operator on f) and ^ G L?g n (r(rj)). T/ien 

T(g)Wick(u;)r(g)- 1 = Wick(r(^)u;r(g)- 1 ). 



12 



Hi) Let w G Bfi n (r(^)) of order (p, q) and /i G h. Then: 

(2.6) [Wick(w),a*{h)]=pWick(w\h)), [Wick(w), a{h)] = qWick((h\w) , 

(2.7) W(h)Wick(w)W(-h) = E ^(^=) p+g - r - s WickK, r ), 

s =0r=0 S ' r - V2 

w/iere 

(2.8) w s , r = (h^ q - r) \w\h^~^). 

Proposition 2.7 i) Let q G -B(f)), ||g|| < 1 and w G -Bfi n (f))- 27&en for m + k > deg(w)/2: 

MN + l)- m [r(q),Wick(w)](N + l)~ k \\ 

(2.9) 

< C|||dr(l-g)«;|||. 
Le£ j = (jo, joo) urcift jo, Joo e 5(h), ||j^j + j^>joo\\ < 1- Then for m + k > deg(w)/2: 
||(iV +iV 00 + l)~ m (p(j)Wick(w) - (Wick(w) <g> + l)~ fc || 



(2.10) 

< c in ar(i -j )w in +<? in dr(joc VIII • 
3 Abstract QFT Hamiltonians 

In this section we define the class of abstract QFT Hamiltonians that we will consider in this 
paper. 

3.1 Hamiltonians 

Let w be a selfadjoint operator on h and w G i?| n (r(h)) such that w = w*. We set 

H :=dT(u), V:=Wick(w). 

Clearly Hq is selfadjoint and V symmetric on V(N n ) for n > deg(tt;)/2 by Lemma l2~5l 
We assume: 

(HI) Ma(u) =m>0, 
(H2) Hq + V is essentially selfadjoint and bounded below on V(Hq) n T>(V). 

We set 

H := H + V. 

In the sequel we fix b > such that H + b> 1. We assume: 

Vn G N, 3 p G N such that \\N n H (H + b)~ p \\ < oo, 

(#3) 

VP G N, 3 P < M G N such that ||iV M (.H~ + ^(iV + l)- p || < oo. 
The bounds in (H3) are often called higher order estimates. 

Definition 3.1 A Hamiltonian H on T(h) satisfying (Hi) for 1 < i < 3 will be called an abstract 
QFT Hamiltonian. 
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3.2 Hypotheses on the one-particle Hamiltonian 

The study of the spectral and scattering theory of abstract QFT Hamiltonians relies heavily on 
corresponding statements for the one-particle Hamiltonian uj. The now standard approach to 
such results is through the proof of a Mourre estimate and suitable propagation estimates on the 
unitary group e~ ltuJ . 

Many of these results can be formulated in a completely abstract way. A convenient setup 
is based on the introduction of only three selfadjoint operators on the one-particle space fj, the 
Hamiltonian uj, a conjugate operator a for uj and a weight operator (x). In this subsection we 
describe the necessary abstract hypotheses and collect various technical results used in the sequel. 
We will use the abstract operator classes introduced in Subsect. 12.31 

Commutator estimates. 

We assume that there exists a selfadjoint operator (x) > 1 for uj such that: 

(Gl i) there exists a subspace S C f) such that S is a core for to, uj 2 and the operators uj, (x) 
for z G CV((x», ((x) - z)~ x , F({x)) for F G C^(R) preserve S. 

(Gl ii) [(x),u] belongs to S%y 
Definition 3.2 An operator (x) satisfying (Gl) will be called a weight operator for uj. 
Dynamical estimates. 

Particles living at time t in (x) > ct for some c > are interpreted as free particles. The 
following assumption says that states in fj c (w) describe free particles: 

(S) there exists a subspace t)o dense in f) c (w) such that for all h G f)o there exists e > such 
that 

\\l m M)e-^h\\eO{rn, m>1- 

(We recall that f) c (u;) is the continuous spectral subspace for u). 

Note that (S) can be deduced from (Gl), (Ml) and (G4), assuming that uj £ C 3 (a). The 
standard way to see this is to prove first a strong propagation estimate (see e.g. [HSSJ): 

fM < 6)xHe-^(a + *r 2 G 0(r 2 ), 

in norm if x G Co°(^) is supported away from n a {u), and then to obtain a corresponding estimate 
with a replaced by (x) using (G4) and arguments similar to those in |GNl Lemma A. 3]. 

The operators [w, i(x)] and [uj, i[uj, i(x}]} are respectively the instantaneous velocity and ac- 
celeration for the weight (x). The following condition means roughly that the acceleration is 
positive: 

(G2) there exists < e < \ such that 

[uj,i[uj,i(x)}] = 7 2 + r_i_ e , 

_i 

where 7 = 7* G S e ^ and r_i_ e G S^" 6 . 
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Mourre theory and local compactness. 

We now state hypotheses about the conjugate operator a: 

(Ml i)uj£ C l (a), [u,ia]o G 5(h). 

(Ml ii) > 0, T a {uj) is a closed countable set. 

We will also need the following condition which allows to localize the operator [o;,ia]o using 
the weight operator (x). 

(G3) a preserves S and [(x), [u, ia]o) belongs to S9 Q y 

Note that if a preserves S then [uj, a]o = wa- auj on S. Therefore [(x), [u>, a]o] in ( G3) is well 
defined as an operator on S. 

We will also need some conditions which roughly say that a is controlled by (x). This allows 
to translate propagation estimates for a into propagation estimates for (x) . 

(G4) a belongs to Sh^ . 

Note that by Lemma [2T31 i), a 2 G S 2 Q ^ hence a(x}~ 1 and a 2 (x}~ 2 are bounded. 
We state also an hypothesis on local compactness: 

(G5) (x)~ e (uj + is compact on h for some < e < ~. 

Comparison operator. 

To get a sharp Mourre estimate for abstract QFT Hamiltonians, it is convenient to assume 
the existence of a comparison operator such that: 
(C i) C _1 u4 < cj 2 < Cu4, for some C > 0, 

(C ii) Woo satisfies (Gl), (Ml), (G3) for the same (x) and a and k*^ C r®^. 

Note that the last condition in (C ii) is satisfied if a;^ has no eigenvalues. 

(C Hi) uj~2{uj — cJoo)w~ 2 and [u — u>oo, ia]o(x) e are bounded for some e > 0. 

Some consequences. 

We now state some standard consequences of (Gl). 
Lemma 3.3 Assume (HI), (Gl). Then for F G Cg°(R): 

[F(^),adf x . ) u;]= J R- 1 F'(M) Kx) , ad f :[ . )W ] + M( J R), k = 0, 1, 

w/iere M(i?) G O(ir 2 )£ ( 0) n C^iT 1 )^. 

ii) : _> d(w) and ufJ^W 1 G 0(1), 

m) [Fdl^^WUeO^ 1 ), 

iv) F(^)[ W ,i(x)](l-F 1 )(^)GO( J R- 2 ), 

z/Fl G Cg°(K) and Fiq = F. 
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Assume (HI), (Ml i), (G3). Then for F G Cq- 



v) [F(M ))kia]o]GO(i2 -i ) 
Assume (HI), (Gl), (G2). Then for F G Cg°(R): 

vi) F(M) : p(^) _> v ^ an(J [ w 2 jF (Mj] w -l £ 0(jR -i). 

Le£ 6 G S 1 ^ /or /x > and F G C£°(R\{0}). T/ien: 

«i) [F(^),6] G 0(R-^- 1+s ). 
R 

In i) for k = i/ie commutator on the l.h.s. is considered as a quadratic form on T>(u). 

Lemma 3.4 Let ujoo be a comparison operator satisfying (C). Then for F G C°°(R) with F = 
near 0, F = 1 near +oo we /mwe: 

w-^w-WoojF^Jw-s, [ CJ - Woo , ia ]F(^) G o(i?°). 

The proof of Lemmas 13,31 13.41 will be given in the Appendix. 

3.3 Hypotheses on the interaction 

We now formulate the hypotheses on the interaction V. If j G C°°(R), we set for R > 1 

For the scattering theory of abstract QFT Hamiltonians, we will need the following decay 
hypothesis on the symbol of V: 

(Is) [I) dr(j H H|| G 0{R~ S ), s>0 if j = near 0, j = 1 near ± do. 

Note that if w G -B| n (r(f))) and j is as above then 

(3.1) HI dr(j R H|| G o(R°), when R^oo. 

Another type of hypothesis concerns the Mourre theory. We fix a conjugate operator a for oj 
such that ( Ml ) holds and set 

A := dr». 

For the Mourre theory, we will impose: 

(M2) w G V(A® 1- 1(8)3). 
If hypothesis fG.^) holds then a(x) -1 is bounded. It follows that the condition 

(D) HI dr((x) s )w||| < oo, for some s > 1 
implies both (Is) for s > 1 and (^M^J. 
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4 Results 



For the reader convenience, we summarize in this section the results of the paper. To simplify 
the situation we will assume that all the various hypotheses hold, i.e. we assume conditions (Hi), 
1 < i < 3, (Gi), 1 < i < 5, (S), (Ml), (C) and (D). However various parts of Thm. ED hold 
under smaller sets of hypotheses, we refer the reader to later sections for precise statements. 
The notation dT^\E) for a set E C E is defined in Subsect. EH 

Theorem 4.1 Let H be an abstract QFT Hamiltonian. Then: 

1. if 

""ess 

(u) = [moo,+oo[ then 

a ess (H) = [infer (U) + moo,+oo[. 

2. The Mourre estimate holds for A = dT(a) on M.\t, where 

r = a pp (H)+dT^(r a (u)), 
where r a {uj) is the set of thresholds of u for a and dT^(E) for Ed is defined in FTWl . 

3. The asymptotic Weyl operators: 

W ± (h) := s- lim e itH W(e~ ituJ h)e~ itH exist for all h G Uu), 

t±oo 

and define two regular CCR representations over \) c {oj). 
4- There exist unitary operators , called the wave operators: 

± :W pp (iI)®r(h c (a;))^r(h) 

such that 

w ± (h) = n ± i(S)W( y h)n ± *, he\) c (u), 
h = ft±(#| WppCff) ® i + 1 ® dr^))^*. 

Parts (1), (2), (3), (4) are proved respectively in Thms. ITTTl I7TT01 Kl\ and MM 

Statement (1) is the familiar HVZ theorem, describing the essential spectrum of H . 
Statement (2) is the well-known Mourre estimate. Under additional conditions, it is possible 

to deduce from it resolvent estimates which imply in particular that the singular continuous 

spectrum of H is empty. In our case this result follows from (4), provided we know that u has 

no singular continuous spectrum. 

Statement (3) is rather easy. Statement (4) is the most important result of this paper, namely 

the asymptotic completeness of wave operators. 

Remark 4.2 Assume that there exist another operator uJoo on f) such that u\t) C (u>) « s unitarily 
equivalent to uJoo . Typically this follows from the construction of a nice scattering theory for the 
pair (fjjCJoo). Then since dT(uj) restricted to r(rj c (cj)) is unitarily equivalent to dr(u: 00 ), we can 
replace uj by oJoo in statement (4) of Thm. \4-l\ 
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5 Examples 



In this section we give examples of QFT Hamiltonians to which we can apply Thm. 14.11 Our 
two examples are space-cutoff P(</?)2 Hamiltonians for a variable metric, and similar P{ip)d+i 
models for d > 2 if the interaction term has also an ultraviolet cutoff. For \i G M we denote by 
S»{R d ) the space of C°° functions on R d such that: 

d°!f(x) G 0((x)-»- a ) a E N d , where (x) = (1 + x 2 )i 

5.1 Space-cutofF P((p)2 models with variable metric 

We fix a second order differential operator on f) = L 2 (M): 

h := Da(x)D + c(x), D = —id x , 

where a(x) > Co, c(x) > cq for some Co > and a(x) — l,c(x) — m 2 ^ G ^"^(M) for some 
moo, A* > 0- We set: 



and consider the free Hamiltonian 

ifo = dr(w), acting on r(fj). 
To define the interaction, we fix a real polynomial with x— dependent coefficients: 

2n 

(5.1) P(x, A) = } y a p (x)X p , a 2n (x) = a 2n > 0, 

p=0 

and a function g £ L 1 (R) with g > 0. For iGl, one sets 



where 5 X is the Dirac distribution at x. The associated P((f)2 interaction is formally defined as: 



where : : denotes the Wick ordering. 

In |GP| we prove the following theorem. Condition (B3) below is formulated in terms of a 
(generalized) basis of eigenfunctions of h. To be precise we say that the families {'*M ;E )}zei" an d 
{4>(x, k)}k<=R form a generalized basis of eigenfunctions of h if: 



uj := 



<p(x) := 4>(lo 2 S x ) 




hipi = eiipi, ei < m^, I El, 
hip(-,k) = (k 2 + m 2 O0 )7p(-,k), k£R, 

Eiei Ml + 27 k W", k )\ dk = 1 
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Theorem 5.1 Assume that: 
(Bl)ga p G L 2 (R), <p< 2n, g G L 1 (R), g > 0, c/(a p ) 2n/(2n ~ p) G L X (R), < p < 2n - 1, 

(B2) (x) s ga p G L 2 (M) V < p < 2n, for some s > 1. 

Assume moreover that for a measurable function M : R — > M + M(x) > 1 i/tere errisis a 
generalized basis of eigenfunctions of h such that: 

r E/ e /ii^ i (-)^(-)ii 2 .<oo, 

{ WM' 1 (■),/;(■, k)]^ <C, fcel. 

{B4) ga p M s G L 2 (IR), 5 (a p M s ) 2n /( 2n - p+s ) G L X (R), V0<s<p<2n-1. 
T/ien i/ie Hamiltonian 

H = dT(uj)+ / ff(x) :P(x,^(x)): dx 

satisfies all the hypotheses of Thm. for the weight operator (x) = (1 + x 2 )^ and conjugate 
operator a = ^(x(D x )~ 1 D x + he). 

Remark 5.2 // g is compactly supported we can take M(x) = +oo outside suppg, and the 
meaning of (B3) is that the sup norms || ||oo are taken only on suppg. 

Remark 5.3 Condition (B3) is discussed in details in \GP^ . where many sufficient conditions 
for its validity are given. As an example let us simply mention that if a(x) — 1, c{x) — m 2 ^ and 
the coefficients a p are in the Schwartz class S(R), then all conditions in Thm. \5.1\ are satisfied. 

5.2 Higher dimensional examples 

We work now on L 2 (R d ) for d > 2 and consider 

u = ( y~] Diaij(x)Dj + c(x))5 

l<i,j<d 

where G'ij j c Eire real, [a^Kx) > cqI, c(x) > cq for some cq > and [a^] — i G S M (R ), 
c(x) — m 2 ^ G S~' M (R d ) for some m^.n > 0. 
The free Hamiltonian is as above 

H = dl», 

acting on the Fock space T(L 2 (R d )). 

Since d > 2 it is necessary to add an ultraviolet cutoff to make sense out of the formal 
expression 

g(x)P(x, f(x))dx. 
We set 

<p K (x) := 4>(uj~2 X (-)8 x ), 

K 

where x S C^°([— 1,1]) is a cutoff function equal to 1 on [—5,5] and k > 1 is an ultraviolet 

cutoff parameter. Since lo~^x{^)^x £ L 2 (R d ), tp K {x) is a well defined selfadjoint operator on 
T(L 2 (R d )). 
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If P(x, A) is as in J53J and g G L 1 (M d ), then 

V := g(x)P(x,<p K (x))dx, 

is a well defined selfadjoint operator on T(L 2 (R d )). We have then the following theorem. As 
before we consider a generalized basis {V'i( a; )}/e/ an d {ip(%, k)}keR d °f eigenfunctions of /i. 

Theorem 5.4 Assume £/iai: 

(51) <?a p G L 2 (R d ), < p < 2n, g G L 1 ^), g > 0, 5 (a p ) 2n/(2 "- p) £ L 1 ^), < j) < 2n- 1, 

(J32) G L 2 (R d ) V < p < 2n, for some s > 1. 

Assume moreover that for a measurable function M : R d — > R + M(x) > 1 i/iere esisis a 
generalized basis of eigenfunctions of h such that: 

r E/ G /iiM- i o/(-)ii^<oo, 

(53) 

[ HM-HX^^Iloo <C, fcei 

(54) ga p M s G L 2 (R d ), 9 (a p M s ) 2n /( 2n - p+s ) G L 1 ^), V0<s<p<2n-1. 
Then the Hamiltonian 

F = dl»+ / g(x)P(x,tp K (x))dx 

satisfies all the hypotheses of Thm. \4-l\ for the weight operator (x) = (1 + x 2 )? and conjugate 
operator a = \{x • {D x )~ l D x + he). 

Remark 5.5 Sufficient conditions for (B3) to hold with M(x) = 1 are given in \GP]. 

6 Commutator estimates 

In this section we collect various commutator estimates, needed in Sect. [Jj 
6.1 Number energy estimates 

We recall first some notation from [DGlj : let an operator B(t) depending on some parameter t 
map n n V(N n ) C H into itself. We will write 

(6.1) B{t) G (N + l) m O N (t p ) for m G R if 

|| (TV + l)- m - k B(t)(N + l) fc || < C k (t) p , keZ. 
If (|6.1|) holds for any m G R, then we will write 

B(t) G (N + l)-°°0 N (f). 

Likewise, for an operator C{t) that maps D n V(N n ) C H into D n V((N + N OQ ) n ) C H cxt we 
will write 

(6.2) C(t) G (N + l) m O N (t p ) formGRif 
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[|(iVo + N^y^C^N + l) fe || < C k {t) p , k G z. 
If (|6.2p holds for any m G M, then we will write 

B(t) G (iV + l)- 00 ^^). 
The notation (N + l)oAr(t p ), (N + l) m div(^) are defined similarly. 

Lemma 6.1 Let H be an abstract QFT Hamiltonian. Then: 
i) for all P G N there exists a > such that for all < s < P 

N s+a {H - z^N' 3 G Odlmzp 1 ), uniformly for z G C\R n {>| < P}. 

"J / or X ^ Co°(M) we have 

\\N m X (H)N p \\ < oo, m,pGN. 

Proof, ii) follows directly from (H3). It remains to prove i). Let us fix P G N and M > P such 
that 

(6.3) N M (H + b)-\N + l)- p e B{H). 

We deduce also from (H3) and interpolation that there exists a > such that 

(6.4) N a {H + b)- x £ B(H). 

We can choose a > small enough such that 5 = (M — a)/P > 1. Interpolating between (|6.3|) 
and (Ed we obtain first that N a+Sx {H + b)- 1 {N + l)~ x is bounded for all x G [0,P]. Since 
5 > 1, we get that 

(6.5) ||JV Q ( S+1 >(# + 6)- 1 (iV + in s l < oo, sG[0, PcT 1 ]. 

Without loss of generality we can assume that a -1 G N, and we will prove by induction on s G N 
that 

(6.6) N( S+1 ^(H - z)~ 1 (N + iy sa G Odlmzj- 1 ), 

uniformly for z G C\Rfl {\z\ < R} and < s < Pa~ x . 

For s = fT6]) follows from the fact that N a {H + by l is bounded. Let us assume that (16.61) 
holds for s — 1. Then we write: 

= JV(«+i)«(£f + b)- l N~ sa N sa {H + 6)(PT - £) _1 (iV + I)" 5 " 

= iV( s+1 ) a (iI + fe)- 1 iV- SQ 7V sa (]l + (6 + z)(P - 2) -1 )(JV + 1)" SQ , 

so (|6.6|) for s follows from (|6.5|) and the induction hypothesis. We extend then (|6.6p from integer 
s G [0, Pa -1 ] to all s G [0, Pa -1 ] by interpolation. Denoting sa by s we obtain □ 
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6.2 Commutator estimates 

Lemma 6.2 Let H be an abstract QFT Hamiltonian and (x) a weight operator for u. Let 

~<oc 
"0 

(N + l)-°°Ojv(fl~ inf( ' ,1) ) under hypothesis (Is) 
lerwise. 



G C^(R), 0< q< 1, q = 1 nearO. Set for R> 1 q R = q(&). Then for x G C^< 



[T(q ),X(H)}£{ (iV + 1) -oc On{r0) Qthe 



Proof. In all the proof M and P will denote integers chosen sufficiently large. We prove the 
lemma under hypothesis (Is) s > 0, the general case being handled replacing hypothesis (Is) by 
the estimate (|3.1j) . Clearly T(q R ) preserves T>(N n ). We have 

(6.7) [H ,T(q R )]=dT(q R ,[u,q R ]), 

By Lemma [U i), [uJ,q R ] G 0(R~ 1 ) and hence [iJ , r(g i? )](if + I)" 1 is bounded. Therefore, 
T(q R ) preserves V(Hq). As in [DGll Lemma 7.11] the following identity is valid as a operator 
identity on V(H ) n V(N P ): 

[H,T{q R )\ = [H ,T(q R )] + [V,T(q R )] =: T. 

From (16.71) and Prop. 12.41 iv) we get that 

[T(q R ),H ] G (iV+l^^ 1 ). 

Using Prop. 12.71 ij and hypothesis (7sJ, we get that 

[T(q R ), V]£(N+ l) n O N (R~ s ), n > degH/2 

which gives 

(6.8) T £ [N + l) n O(R- ini{s ' 1) ). 
Let now 

T(z) ^[Tiq^^z-H)- 1 } 

= -(z-H)- 1 [T(q R ),H](z-H)- 1 . 
By (H3) V(H M ) C V(H )nV(N p ), so the following identity holds on V{H M ): 

T{z) = (z-H^Tiz-H)- 1 . 
Let now xi G Co°(^) with xiX = X an d Xij X be almost analytic extensions of xi, X- We write: 
N m [x(H),T(q R )}N p 
= N m X i(H)[x(H),T(q R )]NP + N m [xi(H),T(q R )] X (H)NP 
= ^ J c d^ X (z)N m Xi(H)T(z)NPdz Adz 
+ 27 Jc 9 *X1 (z)N m T(z) X (H)NPdz Adz. 
Using Lemma IBTT1 i) and (16. 8|) . we obtain that for all ni G N there exists n-i G N such that 
N Ul T(z)(N + l)~ n2 , (JV + l)" n2 T(z)iV ril G Odlmzp 2 ), uniformly for z G C\Rfl {\z\ < R}. 
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Using also Lemma I6TT1 ii). we obtain that 

N m [ X (H),T(q R )]N p G 0(RT inf ( s - 1 )), 
which completes the proof of the Lemma. □ 

Let j G C§°(M), joo G C°° (R) , < jo , < j 2 + < 1, j = 1 near (and hence = 
near 0). Set for R > 1 j* = (j (M), ^(M)). 

Lemma 6.3 Let H be an abstract QFT Hamiltonian and (x) a weight operator for u. Then for 
XGC -(R): 

^(TText\ T * ( -Rs T *(n R \v(m a I (N + 0(R~ in{( - s ^) under hypothesis (Is), 

Proof. Again we will only prove the lemma under hypothesis (Is). As in |DGll Lemma 7.12], 
we have: 

H^P (j R ) - I*(j R )H G (AT + l)0(\\[u,j R ]\\ + \\[uJ R ]\\). 
Writing [to,j R ] = [(l-joo) R M, we obtain that llk^lll + Ilk jSlll G C^iT 1 ), hence: 

(6.9) H^I*(j R ) - I*(j R )H G (A + l^iT 1 ). 

This implies that I*(j R ) sends D(fl" ) into V(H% xt ), and since I*{j R )N = (A + N^I*^), 
I*{j R ) sends also £>(A n ) into £>((A + Noo) n ). 

Next by Prop. 12.71 ii) and condition (Is) we have 

(6.10) (V ® 1)7* (j R ) - I*{j R )V G (N + lfOjv^), n > deg(w)/2. 
This and (|6.9p show that as an operator identity on V(Hq) n V(N n ) we have 

(6.11) H cxt I*(j R ) - I*{j R )H G (A + l) n CV(iT ^t^). 

Using then (jBSj and the fact that I*(j R ) sends V(H ) into V(H^) and £>(A n ) into X>((A + 
Aoo) n ), we obtain the following operator identity on V(H M ) for M large enough: 

T(z) := (z - H ext )~ l I* (j R ) - I*{j R )(z - H)- 1 



= (z- H ^)- 1 (l*{j R )H - H cxt I*(j R )j (z - H)- 1 , 

uniformly for z G C\Rn {\z\ < R}, 

Using then Lemma HO i) (and its obvious extension for H ext ), we obtain that for all n\ G N 
there exists n-i G N such that 

(6.12) (A + N OQ ) ni T{z)(N + l)"" 2 , {N + N x + l)- n *T{z)N n * G O^lmz^R-' 1 ^ 3 ^. 
Let us again pick xi £ Cg°(M) with xiX = X- We have: 

{N + iVoo) m (x(# cxt )/*(j fi ) - I*(j R )x(H)) N m 

= (No + iVoo) m Xi(^ ext )(x(i7 cxt )/*(j fi ) - I*(j R )x(H))N m 
+(A + A^)" 1 (xi{H e *)I*(j R ) - I*(j R )xi(H)) X (H)N m 

= 2¥ /c ^X(^(A + A 00 ) m X i(^ cxt )T(z)A m dz Adz 
+ 27 Jc ^Xi(^)(A + N 00 ) m T(z) X {H)N m dz A dz. 
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Using Lemma IBTTl i). (|6.12l) . the above operator is 0(R inf ( s ' 1 )) as claimed. □ 

7 Spectral analysis of abstract QFT Hamiltonians 

In this section we study the spectral theory of our abstract QFT Hamiltonians. The essential 
spectrum is described in Subsect. 17.11 The Mourre estimate is proved in Subsect. 17.41 An 
improved version with a smaller threshold set is proved in Subsect. 17.51 

7.1 HVZ theorem and existence of a ground state 

Theorem 7.1 Let H be an abstract QFT Hamiltonian and let (x) be a weight operator for uj . 
Assume hypotheses (Gl), (G5). Then 
i) «fcessM C [m-oc+oof then 

"ess 

(H) C [inf a(H) + m^, +oo[. 

ii) if a ess (uj) = [moo,+oo[ then 

a ess (H) = [inf a(H) + m^, +oo[. 



Proof. Let us pick functions jo,joo G C°°(R) with < jo < 1, jo € C^°(M), jo = 1 near and 
io +ioo = 1- For ^ — 1) J R i s defined as in Subsect. 16.21 and we set q R = (jo) 2 . Prom Subsect. 
12.41 we know that 

I(j R )I*(j R ) = l. 

We first prove i), Let % G Co°(] — c», infcr(-ff) + m^O. Using Lemma IfOl we get: 
X (H) = X (H)I(j R )I*(j R ) 

(7.1) = I(j R )x(H cxt )I*(j R ) + o(R°) 

= Ek=oI(j R n { k}(Noo)x(H cxt )P(j R ) + o(R% 

for some M, using the fact that H is bounded below and uj > m > 0. Using again Lemma IBT31 
we have: 

/(i /? )i {0} (iv oo )x(i/ cxt )/*(j R ) 

(7.2) = I(i R )l {0} (iVoo)/*(j i? )x(^)+o( J R ) 

= T(q R )x(H)+o(R°). 

It remains to treat the other terms in (17. ip . Because of the support of x and using again Lemma 
16.31 we have: 

I(i /? )i {fc} (iV 00 ) x (F cxt )/*(i R ) 
= 1^)1^(^)1 ® F(dr(w) < m 00 ) X ( J ff cxt )/*(j fi ) 
= J^J^fcjCJVoo)! ® F(dr(w) < m^Pij^xiH) + o^R ), 
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where F(X < m^) is a cutoff function supported in ] — oo,moo[. 

Prom hypothesis (H3), it follows that i^ +00 ^(N)x(H) tends to in norm when P — > +00. 
Since I*(j R ) is isometric, we obtain: 

/(i*)l w (JV M )ll®F(dr(a;) < m 00 )/*(i«) X (F) 

= 7(j ii )]l w (iV 0O )l(8)F(dr(a;) < m 00 )J*(j ii )l [ o J P](iV)x(iI) + o(i?°) + o{P°), 

where the error term o(P°) is uniform in R. Next we use the following identity from |DG2l 
Subsect. 2.13]: 

a {fc} (iVoo)i*(j*)fl w (iV) = J fe ( _ n [ )li ,, ) \Jo e ® • • • ® g • • • ® jg , 

n— fc fc 

where is the natural isometry between (^) n f) and t^)™ - ' f) (g> (^) fc rj. 

We note next that if F G Co°(R) is supported in ] — oo,moo[, F{u) is compact on rj, so 
F(u)j R tends to in norm when R — > 00 since s- liniR-^x, j^, = 0. It follows from this remark 
that for each k > 1 and n < P: 

1(^)1^(^)1® F(dT(u) < n^)/* (iV) = o P (i?°), 

and hence 

(7.3) /*(i i? )l {fc} (iV 00 )x( J f/ cxt )/(j i? ) = o(P°) +o(i?°) + o P (R°) = o(R°), 

if we choose first P large enough and then R large enough. Collecting (17.1(1 . (|7.2|l and (17.31) we 
finally get that 

x(H)=T(q R )x(H) + o(R°). 

We use now that for each R T(q R )(Ho + l) - 2 is compact on T(h), which follows easily from 
(HI) and (G5) (see e.g. |DG2[ Lemma 4.2]). We obtain that x(-ff) is compact as a norm limit 
of compact operators. Therefore a ess (H) C [infcr(if) -t-moo,+oo[. 

Let us now prove ii). Note that it follows from i) that H admits a ground state. Let 
A = mfa(H) + e for e > m^. Since e G o"e S s(w), there exists unit vectors h n G T>{uj) such that 
lim n _» 0O (u; — e)/i n = and w — linin^oo h n = 0. Let u G r(fj) a normalized ground state of H 
and set 

u n = a*(h n )u. 

Since n G V(N) by (#3) n n is well defined. Moreover since w — lim/i n = 0, we obtain that 
lim \\u n \\ = 1 and w - limn„ = 0. Since u G V(H°°), we know from (H3) that u,Hu G V(N°°) 
and hence the following identity is valid: 

Hoa*(h n )u = a*(h n )PiQU + a*(u;h n )u = a*(h n )Hu — a*(h n )Vu + a*(ujh n )u, 

which shows that u n = a*{h n )u G V(Hq). Clearly u n G V(N°°), so u n G T>{H) and 

(iT - \)u n = (H + V-X)u n 

= a*{h n )(H - X)u + a*(uh n )u+[V,a*(h n )]u 

= a*((uj - e)h n )u + [V,a*{h n )]u. 

We can compute the Wick symbol of [V,a*(h n )] using Prop. 12.61 Using the fact that h n tends 
weakly to and Lemma l2~5l Hi) we obtain that [V, a*(h n )]u tends to in norm. Similarly the 
term a*((uj — s)h n )u tends to in norm. Therefore (u n ) is a Weyl sequence for A. □ 
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7.2 Virial theorem 

Let H be an abstract QFT Hamiltonian. We fix a selfadjoint operator a on f) such that hypothesis 
(Ml i) holds and set 

A := dT(a). 

On the interaction V we impose hypothesis (M2). 

Lemma 7.2 Assume (Ml i) and set u t = e lta Loe~ lta . Then: 
i) e lta induces a strongly continuous group on T>(uj) and 

SUp 1 1 6c7t (OJ + 1) _1 || < OO, SUp 1 1 (O^t + 1) _1 || < OO. 
\t\<l \t\<l 

ii) sup |t| _1 ||(u; — uJt)\\ < oo, s-limi (u; — ujt) = — [oj,\a\o. 
o<|t|<i 

Proof. The first statement of i) follows from [GG, Appendix]. This fact clearly implies the first 
bound in i). The second follows from u(ut + = e~ lta uJt{uJ + l)~ 1 e lta . We deduce then from 
i) that 

(7.4) sup \\u) B (ut + < oo. 

|t|,M<i 

Since u G C 1 (a) we have: 

(uh + I)" 1 - (w + = f e lsa (uj + 1)" V io] (w + lrV^ds, 

•/ 

as a strong integral, and hence: 

(w - Wt) = (wt + 1) {(cut + I)' 1 - (u + l)- 1 ) (w + 1) 

= + l)(u; s + lrV^iaJoe-^K + 1) _1 ("> + l)d*. 

Using (|7.4p we obtain «j. □ 
We set now 

A:=dT(a), H s = e isA H e -' lsA , H 0:S = e lsA H e- [sA , V s = e lsA Ve~ isA , 

and introduce the quadratic forms [H , L4], [V, LA], [ii, LA] with domains D(flo)nX>(A), V(N n ) n 
2?(A) and V(H m ) n £>(A) for n > degu>/2 and m large enough. 

Proposition 7.3 Lei i7 6e an abstract QFT Hamiltonian such that (Ml i), (M2) hold. Then: 

i) [Hq,\A\ extends uniquely as a bounded operator from T>(N) to TL, denoted by [Ho, iA]o, 

ii) [V, LA] extends uniquely as a bounded operator from T>(N M ) to TL for M large enough, 
denoted by [V, iA]o, 

Hi) \H,iA] extends uniquely as a bounded operator from T>(H P ) to TL for P large enough, 
denoted by [H, LA]q and equal to [Hq,iA]q + [V,LA]o, 
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iv) for r large enough (H + b) r is in C 1 (A) and the following identity is valid as a bounded 
operators identity from T>(A) to TL: 

(7.5) A(H + b)~ r = (H + b)- r A + i^-(H s + b)^ r =0 , 
where 

i r-l 

(7.6) -(H s + b)^ =0 = J2(H + b)- r+ 1([H ,iA]o + [V, iA] )(H + b)-^ 1 

j=0 

is a bounded operator on 7i. 

Proof. We have [iZo>L4] = dT([o;> ia\), which using hypothesis (Ml i) and Prop. 12.41 i) implies 
that [Hq,iA](N + l) -1 is bounded. The fact that the extension is unique follows from the fact 
that V{a) n V{uj) is dense in f) since u £ C 1 (a). 

Let us now check ii). Through the identification of -B| n (h) with rg n (f)) <E> Tfln (f)) , we get from 
Prop. GT6]that 

[V, iA] = [Wick(w), iA) = Wick(w (1) ) 

where u>W = (dT(a) (g> 1 - 1 <g> dr(a)) w. By (M2) G B| n (f)) which implies that [V, iA](N+ 
l)~ n is bounded for n > degw/2 using Lemma l2~5l The fact that the extension is unique is 
obvious. 

By the higher order estimates we have [H, iA] = [H , iA] + [V, iA] on V(A) n V{H M ) for M 
large enough, so [H,iA]o(H + b)~ M is bounded, again by the higher order estimates. To prove 
that the extension is unique we need to show that T>(A) n V(H AI ) is dense in T>(H M ) for M 
large enough. Let u={H + b)~ M v G V(H M ) and u e = (H + fe)~ M (l + ieA)~ 1 v. Clearly u e -> u 
in £>(# M ) when e -► 0. Next u e belongs to £>(# M ) and to V(A) since (# + b)~ M is in C 1 ^) 
by iv). This completes the proof of Hi). 

It remains to prove iv). We start by proving some auxiliary properties of H s . Since Hq^ s = 
dr(w s ), we obtain using Lemma [7T2l i) and Prop. 12.41 ij that 

(7.7) sup ||# (#o, s + 1)^11 < oo. 

The same arguments show also that V(Hq) = T>(Ho tS ) ie e lsA preserves T>(Hq). Since e lsA 
preserves V(N n ) we obtain from the higher order estimates that 

(7.8) H s =H , s + V s onV(H p ). 

Let us fix n > degw/2. Conjugating the bounds in (HS) by e lsA , we obtain that there exists 
p G N such that 

N 2n Hl s < C{H S + b) 2p , uniformly in |s| < 1. 
Using also (17.71) we obtain 

(7.9) N 2n Hl < C(H S + b) 2p , uniformly in \s\ < 1. 
Let us show that for r large enough: 

(7.10) \\(H s + b)- r -(H + b)- r \\ < C\s\, \s\<l. 
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Using (|7.8p . we can write for P large enough: 

((H s + b)- r -(H + b)- r )(H + b)- p 

(7.11) = E^liHs + br^iH - H S )(H + b)-^ 1 (H + b)- p 

= TJ'f=l{H s + b)- r +i(H - H , s + V - V S ){H + + for P 

Using that i?o,s — Ho = dr(u; s — a;), Lemma I7T21 ii) and Prop. 12.41 i) we obtain that 

(7.12) iKi^-tfoX^ + ir 1 !! <ch H<i. 

If r > 2p then for < j < r — 1 then either j + 1 > p or r — j > p. Using (|7.9p and (17,12p we 
deduce that 

(7.13) \\(H S + b)- r +3(H 0>s - H )(H + 6)^'- 1 || < C|s|, |s| < 1. 
Next from Prop. 12.61 we have: 

V s = Wick(e isA we~ isA ). 

Through the identification of £?| n (h) with r fin (h) <g> r fin (f)), the symbol e lsA we~ lsA is identified 
with e lsA (g) e _lsA w. From hypothesis fM2) and Prop. 12.51 we obtain that for M > deg(w)/2: 

(7.14) \\{V s -V)(N + l)- M \\<C\s\, \s\<l. 
By the same argument as above we obtain: 

(7.15) \\(H s + bY r+ i{V -V s ){H + b)-i- l \\ <C\s\, \s\<l. 

Combining (fTTTTj) . (f7TT5l) and (l7TT3|) . we obtain ff7TTU|> . 

Next from (|7.12p we obtain by considering first finite particle vectors that 

s- lim s^iHo s - H )(N + l)" 1 exists. 

We note next that by hypothesis (M2) we know that s~ 1 (e lsA we~ lsA — w) converges in -B| n (r(h)) 
when s — ► 0. Using then Lemma l2~5l n). we obtain also that 

s- lim s^CVs - V)(N + 1)"™ exists. 

From (17. lip we obtain that for r > p and P large enough: 

s- lim s- 1 ((H s + b)- r -(H + b)- r ) exists on V{H P ) 

By (|7.10|) the strong limit exists on r(h), which shows that (H + b)~ r is in C l {A). □ 

Remark 7.4 T/ie same proof as in Prop. 17.31 iv) shows that for r large enough and z% G C\R, 
the operator \Yi=\( z i ~ H)" 1 is in C 1 (A). Using the functional calculus formula h2.2\) . it is easy 
to deduce from this fact that x(-ff) is in C l {A) for all x £ C^°(]R). 



28 



The following proposition is the main consequence of Prop. 17.31 

Proposition 7.5 Let H be an abstract QFT Hamiltonian such that (Ml i), (M2) hold. Then 
the virial relation holds: 

(7.16) l {X} (H)[H,iA]oh\}(H) = 0, A e R. 

Proof. Let us fix r large enough such that {H + b)~ r £ C l {A) so that (H + by r : V(A) -> V(A) 
and [{H + b)~ r AA] extends as a bounded operator on Ti denoted by {{H + b)~ r ,iA] . Moreover 
from Prop. 17.31 iv) we have: 

r-1 

[(H + b)- r AA] = - J2(H + b)- r +i[H, iA] (H + 6)-*- 1 . 

3=0 

Let now u±, U2 £ Ti such that Hui = Auj. Since (H + b)~ r £ C 1 (A) and Uj is an eigenvector of 
(if + 6) _r , we have the virial relation: 

0= ( Ul ,[(H + b)- r ,iA\ u 2 ) 

= ~ £-=oK + b)-^[H, iA] (H + 6)^-^2) 

= -r(\ + b)- r - l ( Ul ,[H,iA}oU2), 
which proves the lemma. □ 

7.3 Mourre estimate for second quantized Hamiltonians 

In this subsection we will apply the abstract results in Subsect. 12 . II to second quantized Hamil- 
tonians. 

Let to, a be two selfadjoint operators on f) such that (HI), (Ml) hold. Note that it follows 
from Lemma l2~Tl and the results recalled above it that (Ml) imply also that 

(7.17) n a (cj) is a closed countable set. 

Clearly dr(cj) £ C 1 (dr(a)) and [dr(w),idT(a)] = dr([w,io] ). Since dr(w) and dr([w,ia]o) 
commute with N, we can restrict them to each n— particle sector <8>™f). We denote by 

dr(A) (1) 

the corresponding restriction of /^r(<j) to the range of ll[ 1)+00 [(iV). 
Finally we introduce the following natural notation for £cK: 

(7.18) dr (1) (£) = (J E + - - - + E , dT{E) = {0} U dT^(E). 
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Remark 7.6 As an example of use of this notation, note that if b is a selfadjoint operator on 
\), then: 

o-(dr(&)) = {0}Udr(a(6)). 

Note also that if E is a closed countable set included in [m, +oo[ for some m > ; dT^(E) is a 
closed countable set. 

Lemma 7.7 Let u,a be two selfadjoint operators on fj such that (Ml) holds. Then: 

> o, 

«) pS3 (1) W = o ^AedrW^H). 

Proof. We have [dT(u;), idr(a)] = dT([a;, ia]). Since dT(u) G C 1 (dr(a)) the virial relation is 
satisfied. Denote by p n the restriction of to ®"rj. Applying Lemma [27X1 w) we obtain 



Po(A) 



0, A = 0, 
+oo, A/0 ' 



P„(A) = inf ( /9 «(A 1 ) + ... + ^(A n )) 

AiH — An=A 

for n > 1. We note next that since u > m > 0, x(dr(a;))]lr„ )+0O r(iV) = if n is large enough, 

where x £ Cq°0^)- Therefore only a finite number of n— particle sectors contribute to the 

computation of p^rta) near an energy level A. We can hence apply Lemma 12.11 Hi) and obtain 
that p£W > 0. 

Let us now prove the second statement of the lemma. Since p"(A) = +oo if A c(tc'), we 
have p"(A) = +oo for A < 0. Therefore 

Pn (A)= inf (p£(Ai) + --- + ^(An)), 

for J n (A) = {(Ai, . . . , A n )| Ai + • • • A n = A, A, > 0}. The function pZ(Xi) + • • • + p£(A„) is lower 
semicontinuous on 1", hence attains its minimum on the compact set I n (A). Therefore using 
also that p% > 0, we see that p n (X) = iff A G rc a (w) + • • • + K a (u;) (n factors). Using Lemma |2~T1 
as above, we obtain that p^^) ^(A) = implies that A G dT^(K a (u)), which proves ii). □ 

7.4 Mourre estimate for abstract QFT Hamiltonians 

In this subsection we prove the Mourre estimate for abstract QFT Hamiltonians. Let H be an 
abstract QFT Hamiltonian and a a selfadjoint operator on f) such that (Ml) holds. Let also (x) 
be a weight operator for u. 

Theorem 7.8 Let H be an abstract QFT Hamiltonian and a a selfadjoint operator on f) such 
that (Ml) and (M2) hold. Let (x) be a weight operator for uj such that conditions (Gl), (G3), 
(G5) hold. Set 

and A = dr(a). Then: 
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i) Let A £ M\t. Then there exists e > 0, cq > and a compact operator K such that 
^X-e,X+e](H)[HM]ot {X ^ M e](H) > C t [x _ ttX+e] {H) + K . 

ii) for all Ai < A2 such that [Ai, A2] D r = one has: 

diml[ AliA2 ]( J ff) < 00. 

Consequently a pp (H) can accumulate only at r, which is a closed countable set. 
Hi) Let A € M\(t U a pp (H)). Then there exists e > and c$ > such that 

l [X -e,\+e](H)[HM}o1[X-e,\+e]( H ) ^ ^[X-e,X+e] (#)■ 

Proof. We note first that [H, L4]o satisfies the virial relation by Prop. 17.51 Therefore we 
will be able to apply the abstract results in Lemma 12.11 in our situation. Recall that H ext = 
H (8) 1 + 1 (8) dr(w) and set 

A ext = A®1 + 1®A 

By Prop. 17.31 [H, L4]o considered as an operator on TL with domain V(H M ) is equal to i?i + V\, 
where H\ = dr([a;, ia]o), V\ = \V,\A\q. Note that by (M2) V\ is a Wick polynomial with a 
symbol in i?g n (f)), and by (G3), [(x), [w,io]] is bounded on f). Therefore using Lemma I3~3l v) we 
see that the analog of (16. lip holds for [H, L4]o. We obtain: 

I* (j R )[H,iA] = [H cxt ,iA GX %I*(j R ) + (N + l) n O N (R ), 

for some n. We recall (17.21) : 

(7.19) x(H) = T( q R )x(H) + J(j fi ) X (^ cxt )l [li+oo[ (iV 00 )r + 

for q R = {$ f. 

Using then Lemma 16.31 and the higher order estimates (which hold also for H ext with the 
obvious modifications), we obtain that: 
(7.20) 

X (H) [H, iA] QX (H) = T(q R )x(H) [H, iA] oX (H) 

+/(i /? )x(^ cxt )[^ cxt ,iA ext ] oX (i/ cxt )l [ i, + oo[(A r oo)/*(i /? ) + o(R°). 
We will now prove by induction on n 6 N the following statement: 
f i) PhW>0, for A £] -00, inf a(H) + nm[, 

H{n) 

{ ii) r A (H)n] - 00, infer (H) +nm[c cr pp {H) +dr(/c a (u;)). 

Statement H(0) is clearly true since p#(A) = +00 for A < infcr(iJ). 

Let us assume that H(n-l) holds. Let us denote by p cxt W the restriction of p^el% to the 
range of l[i i + o[(-A r oo)- This function is well defined since H ext and [H ext , iA ext ]o commute with 

iVoo- 

Let A G] — 00, inf a(H) + nm[. Using Lemma [2~H iv) and the fact that ui > m we obtain: 
p cxt(1) (A)= inf U(Ai)+4 (1) (A 2 )), 
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where 

jW(A) = {(Ai,A 2 )| Ai + A 2 = A, inf a(H) < Ai < infa(ff) + (n- l)m, < A 2 < -mffr(tf)}, 

and the function p^^ is defined in Subsect. 17,31 Note that by H(n-l) i) and Lemma 17771 i) the 

two functions p^-(Ai) and Ph^\^2) are positive for (Ai, A 2 ) G I^ n \\). We deduce first from this 
fact that: 

(7.21) p cxt (1) (A) > for A g] - oo, inf a(H) + nm[. 

Moreover using that the lower semicontinuous function /O^(Ai) + /% Q ^(A 2 ) attains its minimum 
on the compact set I^ n \\) C i 2 , we obtain that 

^xt (1)(A) = 0, A G] — oo, inf a{H) + nm[ =^ 

(7.22) 

A = Ai + A 2 , where (Ai,A 2 ) G /( n )(A), ^(Ai) = p£ (1) (A 2 ) = 0. 
From H(n-l) ii) and Lemma [2~T1 ii ) we get that 

Ph(\i) = 0, Ai G] - oo, inf a{H) + (n - l)m[ Ai G <7 pp (iT) + dr(« a (a;)). 
From Lemma 17.71 ii) we know that 

pl (1) (A 2 ) = A 2 G dT^ (K a (u>)). 

Using ([7722D we get that 

(7.23) p ext(1) (A) = 0, A G] - oo,mf<7(H) |nm[^ A G a pp {H) + dr (1) ( Ka (w)). 

The operators T(q R )x(H) and hence r(g fi )x(-ff)[-ff, h4]ox(-fO are compact on Choosing 
hence R large enough in (I7.20p we obtain using (173911 and the fact that I{j R )I*(j R ) = 1 that 

(7.24) pjj{\) > p ext(1) (A), A G] -oo, inf a(H) + nm[. 

By Lemma [2~7l1 i) this implies first that pfj > on ] — oo,inf cx(-ff) + nm[, i.e. H(n) i) holds. 
Using then (j7.23l) we obtain that 

p£(A) = 0, A G] - oo, inf a(H) + nm[^ A G a pp (H) + dr (1) ( Ka (w)), 

which proves H(n) ii). Since H(n) holds for any n we obtain statement i) of the theorem. The 
fact that dimll[ AljA2 ] (H) < oo if [Ai, A 2 ] n r = follows from the abstract results recalled in 
Subsect. 12.11 We saw in H7.17|) that K a (ui) is a closed countable set. Using also Remark 17.61 
this implies by induction on n that rfl] — oo, inf cr(H) + nm[ is a closed countable set for any n. 
Finally statement Hi) follows from Lemma 12.11 This completes the proof of the theorem. □ 
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7.5 Improved Mourre estimate 

Thm. 17.81 can be rephrased as: 

r A (H)ca pp (H)+dr^( Ka (u)), 

which is sufficient for our purposes. Nevertheless a little attention shows that one should expect 
a better result, namely: 

r A (H)Ca pp (H)+dT^(T a (io)), 

i.e. eigenvalues of u away from r a (w) should not contribute to the set of thresholds of H. In this 
subsection we prove this result if there exists a comparison operator Wqo such that hypothesis 
(C) holds. 

We fix a function q G C°°(M) such that 
(7.25) < q < 1, q = near 0, q = 1 near 1. 



Lemma 7.9 Assume (HI), (Gl), (G3), (Ml) for w and ujoo and (C). Set H = dT(u), = 
dr(w DO ). Let q as m VflM and x G Cg°(R). T/ien: 

(7.26) (x 2 (i?o) - X 2 (#oc))rV) G (i?°), 

x(J/o)[ffo,iA]ox(^o)r(? fi ) 
(7 ' 27) = x(^oo)[^oo,iA]ox(^oo)r(^)+o( J R ), 

Assume additionally (G5). Then 

(7-28) p£ = p£ 00 . 

Proof. We will first prove the following estimates: 

(7.29) [ X (H £ ),T(q R )}, ( X (Ho)-x(Hoo))r(q R )€o(R°), 

(H €1 +i)- 1 [H - H^Mhriq^iH^ + i)- 1 G o^ ) 

(7.30) 

(H ei +i)- 1 [[H OD ,iA} ,T(q R )](H e2 G o(i?°), 

for e, ei, e2 G {0, oo}. If we use the identities 

[dr(6i), r(^)] = drV, [b h q R j), dr(h - b 2 )r( g R ) = dr( g R , (h - b 2 ) g R ), 

for bi = to, b 2 = Woo, Lemma [3~4l Lemma f3T3l (i) and the bounds in Prop. 12.41 it is easy to see 
that uniformly in z G C\Rfl {\z\ < R}: 

[(z - H € y\T(q R )] e OiR-^Imzl- 2 , 

(z - H ei )- X (H - ff 0O )r(g«)(2 - H e2 )~ l G o{R°)\lmz\- 2 . 
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Using the functional calculus formula (12, 2|) this implies (17.29p . The proof of (|7.30j) is similar 
using Lemma [3T41 and Lemma f3T3l (v). The proof of (I7.27P is now easy: we move the operator 
T{q R ) to the left, changing H into along the way, and then move T(q R ) back to the right. 
All errors terms are o(R°), by (17391) . (POl) . (17361) follows from (17391) . If we restrict (1736j) . 
(|7.27l) to the one-particle sector we obtain that 

( X 2 H- X 2 (^ 0O ))^G ( J R ), 

x(u)[uJ,ia\ x{u)q R = x(^ao)Ko, ioJoxC^oo)^ + o(R°). 

Using (G5) and the fact that (1 — q) S C^°(M) we see that x(H € )(l — q) R is compact for e = 0,oo. 
Writing 1 = (1 - q) R + q R , we easily obtain ([7351) . □ 

Theorem 7.10 Let H be an abstract QFT Hamiltonian satisfying the hypotheses of Thm. I7.#L 
Let Woo be a comparison Hamiltonian on \) such that (CI) holds. Then the conclusions of Thm. 
PO hold for 

T:=a w {H)+c\T {l \r a (uj)). 

Proof. We use the notation in the proof of Thm. 17.81 We pick a function q\ satisfying (|7.25l) 
such that qijoo = joo , so that 

P{j R ) = t®T{q R )P{j R ). 
Therefore in (|7.20p we can insert 1 <g> r(gf ) to the left of I*(j R ). If we set 

then using the obvious extension of Lemma 1731 to H ext and -ff™*, we obtain instead of (I7.20p : 

X (H)[H,iA] oX (H) 
(7.31) = T(q R )x(H)[H,iA} oX (H) 

+I(j R )x(H£ t )[H£\iA™% X (H£ t )l [1 ^ 

Therefore in the later steps of the proof we can replace uj by Wqo. By assumption K a (woo) = 
T a (^oo) and by Lemma 1731 t„ (u>^ ) = T a {oj). This completes the proof of the theorem. □ 

8 Scattering theory for abstract QFT Hamiltonians 

In this section we consider the scattering theory for our abstract QFT Hamiltonians. This theory 
is formulated in terms of asymptotic Weyl operators, (see Thm. 18. lh which form regular CCR 
representations over rj c (u;). Using the fact that the theory is massive, it is rather easy to show 
that this representation is of Fock type (see Thm. I8.5|) . The basic question of scattering theory, 
namely the asymptotic completeness of wave operators, amounts then to prove that the space of 
vacua for the two asymptotic CCR representations coincide with the space of bound states for 
H . This will be shown in Thm. 110.61 using the propagation estimates of Sect. [9l 

In all this section we only consider objects with superscript +, corresponding to t — > +oo. The 
corresponding objects with superscript — corresponding to t — > — oo have the same properties. 
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8.1 Asymptotic fields 

For h € f) we set h t := e~ ltuJ h. Recall that t) c (w) C f) is the continuous spectral subspace for ui 
and that by hypothesis (S) there exists a subspace f)o dense in f) c (u;) such that for all h G f)o 
there exists e > such that 

IIW^e-^llGO^), M>!- 

Theorem 8.1 Let H be an abstract QFT Hamiltonian such that hypotheses (Is) for s > 1 and 
(S) hold. Then: i) For all h E f) c (^) the strong limits 

(8.1) W+(h) := s- lim e itH W (ht)e-' ltH 

exist. They are called the asymptotic Weyl operators. The asymptotic Weyl operators can be 
also defined using the norm limit: 

(8.2) W + (h)(H + b)- n = lim e UH W(h t )(H + b)- n e~ itH , 

for n large enough, 
ii) The map 

(8.3) f) c (cj) 3 W + {h) 
is strongly continuous and for n large enough, the map 

(8.4) f) 3 h c {u) ^ W + (h)(H + b)- n 
is norm continuous. 

Hi) The operators W + (h) satisfy the Weyl commutation relations: 

W + (h)W + (g) = e-'^ lmW9) W + (h + g). 
iv) The Hamiltonian preserves the asymptotic Weyl operators: 



(8.5) e UH W + (h)e- [tH = W + (h_ 



t ■ 



Proof. The proof is almost identical to the proof of [D_Gl] Thm. 10.1], therefore we will only 
sketch it. We have: 

W{ht) = e~ itHo W(h)e itH \ 
which implies that, as a quadratic form on V(Hq), one has 

(8.6) dtW(h t ) = -[H ,iW(ht)}. 

Using (|8.6p and the fact that for n large enough V{H n ) C V{Hq) n T>(V), we have, as quadratic 
forms on V{H n ): 

d t j tH W(h t )e- itH = j tH [V, iW(ht)]e~ itH . 
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Integrating this relation we have as a quadratic form identity on V(H n ) 

(8.7) e UH W(h t )e-' ltH -W(h)= f e H ' H [V, iW(h t , )]e- H ' H dt'. 

Jo 

We claim that for /i G f}o (see hypothesis (S)), and p > degw/2: 
(8-8) mWihMN + irqeL^dt). 

In fact writing w as ]Cp+g<deg(w) w p,qs wnere w p,q is °f order (p, q) and using Prop. 12.61 we obtain 
that 

[mck(w m ),W(ht)} = W(h t )Wick(w Piq (t)), 
where w Piq {t) is the sum of the symbols in the r.h.s. of (|2.7j) for (s,r) ^ (p,q)- Using (Is) and 
(S) we obtain writing 1 = l[o,e](||) + l]e,+oo[(||) that 

II^P,g(0b 2 (l)) G L\dt), 

which proves (|8.8p using Lemma [231 

Using then the higher order estimates, we obtain that the identity (18. 7|) makes sense as an 
identity between bounded operators from V(H n ) to Tt for n large enough. It also proves that 
the norm limit JEH) exists for h G f) . The rest of the proof is identical to [DOT! Thm. 10.1]. It 
relies on the bound 

|| (e itH W(h t )e- itH - e itH W(g t )e- itH ) (H + b)~ n \\ 

< || (W{h) - W(g)) (N + l^HIKJV + l)(H + b)- n \\ 

< c\\h-g\\(\\h\\ 2 + \\g\\* + l). 

□ 

Theorem 8.2 i) For any h G f) c (^)-' 

<f> + (h) := -i^-W+(sh) ls=0 
ds 1 

defines a self-adjoint operator, called the asymptotic field, such that 

W + (h) = e i<t>+(h) . 

ii) The operators 4> + (h) satisfy in the sense of quadratic forms on T>((ft + (hi)) D T>{cj) + {h2)) the 
canonical commutation relations 

(8.9) [ct>+(h 2 ),<l>+(h 1 )}=iLm(h2\h 1 ). 
Hi) 

e itH <j) + (h)e- itH = <t>+(h- t ). 
iv) Forp£ N, there exists n G N such that for hi G t) c {u), 1 < i < p, V{H n ) C V(U^(p + (hi)), 

Ucf> + (h i )(H + iy n = S - lim j tH n<P(h itt )e- itH (H + i)- n , 

i=l t^+co i = \ 

and the map 

f) c M P 3 (ht, . . . , h p ) » ft 4> + (hi){H + i)- n G B(H) 

1=1 

is norm continuous. 
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Proof. The proof is very similar to |DGll Thm. 10.2] so we will only sketch it. Properties 
i) and ii) are standard consequences of the fact that the asymptotic Weyl operators define a 
regular CCR representation (see e.g. [DGll Sect. 2]). Property Hi) follows from Thm. 18.11 iv). It 
remains to prove iv). For fixed p we pick n£N such that N p / 2 (H + b)~ n is bounded. It follows 
that 



(8.10) 



sup \\j tH r n?<£(M (H + b)~ n e 



n-\tH\ 



< OO. 



Let us first establish the existence of the strong limit 



(8.11) 



s- lim e ltn UU(hit)(H + b)- n e 



n-\tH 



--: R{h%, . . . , hp), for hi G f). 



If m is large enough such that H = Hq + V on V(H m ), then as quadratic form on V(H m ) we 
have: 

BU p ^(h i:t )(H + b)- n = [V^U^hiMH + b)- 11 , 
where the Heisenberg derivative D is defined in Subsect. 12.51 Next: 



[v^ihiMH + b)- n = ]Tn{-V(M[^(M] n ^(M(# + by n \ 

3=1 

as an operator identity on V(H m ). The term [V, i<f>{ht)] is by Prop. 12.61 a sum of Wick monomials 
with kernels of the form w P) q\ht) or (ht\w Pt q. 

Arguing as in the proof of Thm. 18.11 we see from hypotheses (S) and (Is) for s > 1 that for 
he f) 

(8.12) \\[VMht)}(H + b)- n \\eL\dt). 

This proves the existence of the limit (18. lip for u G V(H m ), hi G f)o- The fact that the map 



(8.13) 



\) p 3 {h 



l,..., hp) 



U p j=1 (l>(h j )(H + b)- n G B(H) 



is norm continuous implies the existence of the limit for u G V(H m ) and hi G f} c (w)- The 
estimate (|8.10|) shows the existence of (|8.11|) for all u G Tt. 
We prove now iv). We recall that 



(8.14) 

and 
(8.15) 



sup 

M<i,INI<c 



-i 



< OO, 



lim sup 



W(sh) - 1 



i^UiV + i)- 1 



0. 



We fix P G N and M large enough so that N p+l (H + b) M is bounded and prove iv) by induction 
on 1 < p < P. 

We have to show that V(H M ) C P(n^+(/i,)) and that R(h u ...,h p )= n*>+ {h t )(H + b)~ M . 
This amounts to show that 



R(hi,...,h p ) = s- lim(is)- 1 (iy + (s/ii) - i)n^ + (/ii)(^ + 6) 
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Note that by the induction assumption V{H M ) C Vili^cj)^ '(hi)) and 

(8.16) I%<f> + (hi){H + b)~ M = s- lim e ltH U p 2 ^(h it )e~ itH (H + b)~ M . 

t — >+oo 

Using (|8.16l) and the fact that e ltH W (h\j)e~ ltH is uniformly bounded in t, we have: 

(is)~ l (W + (sh 1 ) - l)U^+(hi)(H + b)~ M 

= s- lim e itH (is)- l (W(sh lt ) - l)UU(h it )e- itH (H + b)~ M . 

So to prove iv), it suffices to check that 

(8.17) s- lim s- lim e itH R(s, t)e~ itH = 0, 
for 

R(S] t) = ( W(*hu)-t _ iHhlt) yP Hhht){H + b) -M 

Using (|8.14|) and the higher order estimates, we see that R(s,t) is uniformly bounded for |s| < 
l,f 6 1, and using then fj8 . 15|) we see that lim s ^osup tgR ||i?(s,t)u|| = 0, for u G V(H M ). This 
shows (I8.17p . The norm continuity result in iv) follows from the norm continuity of the map 
(|8T3D . □ 

Finally the following theorem follows from Thm. 18.21 as in [ DGlj Subsect. 10.1]. 

Theorem 8.3 i) For any h G t) c (w), the asymptotic creation and annihilation operators defined 
on V(a + *(h)) := V((t> + (h)) n V(<f)+(ih)) by 

a + *(h) ^j-tf+W-ty+Qh)), 
a+(h) :=^(^(h)+^+(ih)). 

are closed. 

ii) The operators o + " satisfy in the sense of quadratic forms on T>(a + ^(h\)) n V(a + $ z (h2)) the 
canonical commutation relations 

[a+(h 1 ),a+*(h 2 )} = (h 1 \h 2 )l, 

[a + (h 2 ),a + (h 1 )} = [a+*(h 2 ),a+*(hi)} = 0. 

Hi) 

(8.18) e itH a +i (h)e~ UH = a + \h_ t ). 

iv) Forp G N, there exists n G N such that for hi G f) c (w),l < i < p, V((H + \) n ) C V(U^a + \hi)) 
and 

n p a +i (h,)(H + b)- n = s- lim e^ny (/i; t )(H + b)~ n e~ itH . 

t — >oo 
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8.2 Asymptotic spaces and wave operators 

In this subsection we recall the construction of asymptotic vacuum spaces and wave operators 
taken from [DGll Subsect. 10.2] and adapted to our setup. 
We define the asymptotic vacuum space: 

fC + := {u G H | a+(h)u = 0, h G f) c (w)}. 

The asymptotic space is defined as 

H + :=/C+ ®r(fj c (w)). 
The proof of the following proposition is completely analogous to |DGll Prop. 10.4]. 

Proposition 8.4 i) IC + is a closed H— invariant space. 

ii) K, + is included in the domain ofI^a + ^(hi) for hi G t) c (u)). 

Hi) 

n pp (H) c k+. 

The asymptotic Hamiltonian is defined by 

H + := K + ®l + t®dT(u;), for K + := H . 

K+ 

We also define 

n + : n + -> n, 

(8.19) 

a* (hi) ■ ■ ■ a*(h p )Sl := a + *(hi) ■ ■ ■ a + *(h p )ip, hi, . . . , h p G rj c (w), ip G K + . 

The map + is called the wave operator. The following theorem is analogous to [DGll Thm. 
10.5] 

Theorem 8.5 f2 + is a unitary map from 7i + to H such that: 

a + t(h)Q+ = U+1® J(h), hef) c (u), 

HQ+ = n+H+. 

Proof. By general properties of regular CCR representations, (see |DGll Prop. 4.2]) the 
operator Q + is well defined and isometric. To prove that it is unitary, it suffices to show that 
the CCR representation t) c (ui) 3 h t— ► W + (h) admits a densely defined number operator (see e.g. 
[DGT1 Subsect. 4.2]). 

Let n + be the quadratic form associated to the CCR representation W + . Let us show that 
V(n + ) is dense in H. We fix n G N such that 

a + (h)(H + by n = s- lim e m a(ht)e- m (H + b)~ n , h€t) c {u). 
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For each finite dimensional space f C f) c (w) set: 

dimf 



nf(u) = \\ a+ (hi 



'nil 2 , 



i=l 

for {hi} an orthonormal base of f. We have for u G V(H n ): 

dimf 

nt(u) =^11111 \\a(hi,t)e~ ltH u\\ 2 



lim (e- i ^u|dr(P fit )e- itH 



if P^t is the orthogonal projection on e f. But dr(Pf jt ) < N, so 

nUu) < supHiV^e-^nll 2 < C\\(H + b) p u\\ 2 , 
1 t 

for some p, by the higher order estimates. Therefore 

V{H P ) C V(n + ), 

which for p large enough, which implies that V{n + ) is densely defined. □ 
8.3 Extended wave operator 

In Subsect. El we introduced the scattering Hilbert space ft scatt c Ti cxt . Clearly H scatt is 
preserved by H ext . We see that TC + is a subspace of 7^ scatt and 



H + = H' 



ext 
H+' 



We define the extended wave operator f2 ext ' + : D(f2 ext ' + ) — ► H by: 

p(^ cxt ' + ) = J D(p 00 )®r fin (f) c H), 

and 

ft cxt '+^ ® a* (hi) ■ ■ ■ a(h p )n : = a* + (hi) • • • a + (h p )ifi, ip G D(H°°), hi G i) c (u). 
Note that ft ext >+ : W scatt -> W is unbounded and: 



scatt 



Considering fi + as a partial isometry equal to on 7^ scatt Tt + , we can rewrite this identity as: 



(8.20) n + = n ext ' + l 



where 1%+ denotes the projection onto 7i + inside the space ?^ scatt . 

Moreover using Thm. 18.31 iv). we obtain as in [DGll Thm. 10.7] the following alternative 
expression for f2 ext ' + . 
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Theorem 8.6 i) Let u £ X>(O ext >+). Then the limit 



I ext. 



lim e ltH Ie-' ltHC u 
exists and equals Vt ext,+ u. 

u) Let X e Cg°(K). Then Ran X {H cxt ) C £>(ft oxt '+) ; Ix(H cxt ) and f} ext '+x(# oxt ) are bounded 
operators and 

(8.21) s- lim e itH Le- itHcxt X {H cxt ) = n cxt ' + X {H cxt ). 



9 Propagation estimates 

In this section we consider an abstract QFT Hamiltonian H and fix a weight operator (x). We 
will prove various propagation estimates for H. The proof of the phase-space estimates will be 
more involved than in |DG1| . |DG2| , In fact the operator playing the role of the acceleration 
[uj, i[u, i{x)]} vanishes in the situation considered in these papers. 

9.1 Maximal velocity estimates 

The following proposition shows that bosons cannot propagate in the region (x) > v ma _ x t where 

"max := 



Proposition 9.1 Assume hypotheses (Gl), (Is) for s> 1, Let x G C£°(R), Then for R' > R> 
Dmax, one has: 

i 

^(^J 2 x(H)e^ H uf^<c\\ u \\ 2 . 

Proof. The proof is almost identical to f PGl .1 Prop. 11.2] so we will only sketch it. We fix 
G £ C^°(]f max , +oo[) with G > l[_R,ij'] and set F{s) = G 2 (t)dt. We use the propagation 

observable = X (H)dT(F(^-)) X (H). We use that 

d F(M) = t-iG(&)([u>, i(x)] - ^)G(M) + 0(t- 2 ) 

< _Co G ' 2 (^)+0(^ 2 ) 

byLemmaEl The term x{H)[V, idr(F(^))]x(H) is 0(t~ s ) in norm by hypothesis (Is), Lemma 
and the higher order estimates. □ 



poo 




11 
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9.2 Phase space propagation estimates 

Set 

v := [u,i(x}], 

and recall from hypothesis (G2) that 

[uAv] = 7 2 + r_i_ e , 

_i 

where y & S e r_i_ e G ^(o) _€ ^ or some e > 0. 

We will show that for free bosons the instantaneous velocity v and the average velocity ^j- 
converge to each other when t — > ±00. 

Proposition 9.2 Assume (Gl), (G2) and (Is) for s > 1 and let x & Cq°(M) and < cq < ci. 
T/ien 

i) ^ + °° ||dr ((M _ U )1 [C0)C1] (M )( M _ ^ ' X (fl) e -ttff«|pdt < C|M| 2 , 
«) / + °° lldT (7l[c 0>Cl ](^)7) I x(i?)e- itH n|| 2 ^ < C\\uf. 

Proof. We follow the proof of |DGll Prop. 11.3], [DG2j, Prop. 6.2] with some modifications due 
to our abstract setting. 

It clearly suffices to prove Prop. 19.21 for c\ > v max + 1, which we will assume in what follows. 
We fix a function F G C°°(R), with F,F' > 0, F(s) = for s < c /2, F(s),F'(s) > d x > for 
s G [cq, ci]. We set 

R (s)= f F 2 (t)dt, 
Jo 

so that Ro(s) = for s < cq/2, R' (s) , Rq v (s) > c?2 > for s G [co,ci]. Finally we fix another 
function G G C°°(M) with G(s) = 1 for s < c x + 1, G(s) = for s > c x + 2, and set: 

R(s) := G(s)Ro{s). 

The function R belongs to C^°(M) and satisfies: 

(9.1) R(s) = 0in [0,c /2], > cfel^OO + Xi(s), i2" (s) > d 3 l [co , Cl] (s) + X2 (s), 

for xi,X2 e C^Q^max^oof) and d 3 > 0. We set 

K ( ):=^)-i(/?(f)(^-,) + h,.). 

which satisfies b(t) G 0(1) and use the propagation observable 

$(t) = x(H)dr(b(t))x(H). 

Using Lemma [331 we obtain that: 

(9.2, 8Mt) = i (iT(M) W! _ iM ff .(M)„ - + o (t -). 
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and 



+i(fl'(¥)k^]+h.c)+0(r 2 ) 



(9.3) 



Adding l|93j) and fOjl we obtain: 

do6(t) = ^ - „)lf (M)(M _ „) + l - (b!{^)[ujM + h.c. ) + 0(r 



By hypothesis fG2), we have: 



[uj, iv] = 7 2 + r_i_ e , 



for 7 £ S £ r_i_ e G S 1 ^ e . Since G" suppi?', we know by Lemma liOl that 

i?'(^)r-i-e G Oit- 1 ^). 

_ i 

Using that 7 £ S £ z^, we get by Lemma l3~3l that: 



^ ( r>>A X } \.,2 1 1, „ 1 d'^ X )\_, , /n/-j-3/2+e\ 



Finally this gives: 



doK*) = ^ ( y - w)jR " ( Y )( Y _ u) + 7i * ( Y )7 + °(*" )> 

for some ei > 0. 

We note that R' and i?" are positive, except for the error terms due to Xi>X2 in (19. ip . 
To handle these terms we pick X3 G Co°(]u max , +oo[) such that X3Xi = Xi 5 * = 1)2. Then 
[^T ~ v,X3(^)] G O^- 1 ) and [7,Xs(^)] G 0(^ 3/2+e ) by LemmaE! and raj. This yields: 

±7 (¥ - - «) = ±{x3(^)(^ - «)»(^)(^ - t>)xs(^) + or 2 ) 

< ?xK^) + o(*- a ), 

±7Xi(^)7 = ±X3(^)7Xl(f )7X3#) + 0(t- 3 ^) 

< fx|(^) + o(i- 3/2+e ), 

_i 

using that 7 G S> ? and Lemma [2T3l Using again (19. ip . we finally get: 

do6(t) > f (f -^)% C „, C1 ](¥)(¥ -«) +Ci7l[co, Cl ](¥)7 

(9.4) 

-?xK^)+or 1 --), 

for some Ci, ei > 0. 
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To handle the commutator [V, idr(b(t))] we note that using Lemma I3T31 iv) and the fact that 
G" supp R, we have 

m = l[ e ,+oo[(^)Ki)%+oo[(^) + 0(r 2 ) 

for some e > 0. Using also hypothesis (Is) for s > 1, this implies that if V = Wick(w;) then 
|||dr(6(t))u;||| G L (di). Using the higher order estimates this implies that 

\\x(H)[V,idT(b(t)) X (H)]\\ € L\dt). 

The rest of the proof is as in [DGll Prop. 11.3]. □ 

9.3 Improved phase space propagation estimates 

In this subsection we will prove improved propagation estimates. We will use the following lemma 
which is an analog of |DG2l Lemma 6.4] in our abstract setting. Its proof will be given in the 
Appendix. 



Lemma 9.3 Assume (HI), (Gl), (G2) and set v = [u,i(x)] which is a bounded operator on fj. 
Let c = - v) 2 + t~ 5 , 5>0 and set e = inf(<5, 1 - 5/2). If J £ C£°(R) then: 



i) J(M) C * € O(l), 

ii) [cU(M)] G or^/ 2 ). 



If J £ qf (R\{0}) then for 5 small enough 
in) 



j(M )doC lj(M; 



-= -\ J(M) C I j(M ) + 7 j(M) M (i)J(M) 7 + o(t-^), 

where e% > and M(t) G O(l). 

// J, Ji G Cq°(R) and J\ = \ on supp J, f/ien: 

i«) | - «) + h.c.i < cj!(M) c i Jl( M) + o(t-o). 

// J, Ji, J2 G Cg°(M) with J2 = 1 on supp J and supp J\, then: 

v) ± _ u)c l Jl( M) + h .c.) < c(M _ w) j* _ v) + O(reo) . 

Proposition 9.4 Assume (Gl), (G2), (Is) for s > 1. Let J e Cq°(]cq,ci\) for < c < ci and 
X G Cg°(R). T/ien: 



l|dr( 



T .(x)..(x) . 



.SxWe-^txIl 2 j < C||u|| 2 . 
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Proof. We fix J\ G Cq°(]cq,ci[) with J\ = 1 on supp J and set 

b{t) = J l( M )c l J l( M), for c = (M - «) a + t" 5 , 
and (5 > will be chosen small enough later. We will use the propagation observable 

<S>(t)=x(H)dT(b(t)) X (H). 
Note that by Lemma [9T31 i) and the higher order estimates b(t), <3?(t) G O(l)- We first note that 

x(#)[y,idr(^))] x (#)eO(t- s ), 

using hypothesis (Is) and Lemma [931 i). Next 

D dT(6(t)) = dr(d 6(t)), 

d 6(i) = (doJi(^)) c\ Jx(M) + h.c. + J 1 (M)(d ci)J 1 (M). 
By Lemma l9~3l m ) we know that choosing <5 small enough: 

J 1 (M)(d cl)J 1 M) 

= -j l( M)f j 1 (M) +7 j 1 (M)M(t)J 1 (M) 7 + or 1 --), 
for some e\ > and M(t) G O(l). By Lemma l9~3l iv) we get then that 

-j 1 (M)(d oC l)Ji(M) 

for some ei > 0. Next by Lemma [331 

d Ji(— ) = -^ J i (—)(—- v)+0(t ), 
which by Lemma [931 «J gives for J2 G C^°(]co,Ci[) and J2 = 1 on supp J\\ 

( , T / (x) A 1 T , (x) . , C Ax) . o . (a;) . . (aj) . ^ , 1 ,, . 

f doJx( Y) ) ^ j i( Y } + hx - - _ 7 ( t ~ v)J * { t ){ t ~ v)+ 0{r ] 

for some ei > 0. Collecting the various estimates, we obtain finally 



C 



t 

where 



(x) (x) 



D$(t) > -x(H)dT( J( Y)( Y " u ) + kc - 



)x(fT) - Ci2i(i) - Ci2 2 (t) + 0(f 



J*i(i) = X (H)dT( 7 Jf( ^h)x(H), R 2 (t) = - X (#)dr(( Y " «)^( Y)( Y " V))x(jff) 

are integrable along the evolution by Prop. 19.21 We can then complete the proof as in |DG2[ 
Prop. 6.3]. □ 
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9.4 Minimal velocity estimate 

In this subsection we prove the minimal velocity estimate. It says that for states with energy 
away from thresholds and eigenvalues of H , at least one boson should escape to infinity. We 
recall that as in Subsect. 17.41 A = dT(a). 

Lemma 9.5 Let H be an abstract QFT Hamiltonian. Assume (G4)- Let k € N, m = 1,2 and 
X G Cq°(M). Then there exists C such that for any e > and q G C§°([—2e, 2e]) with < q < 1 
one has: 

Am 

\W k — r( g *M^)||<c e - 

where q t = q(^j-). 

Proof. Applying Prop. 12.41 ii) we get 

(9.5) (dr(a)) 2m < iV 2m - 1 dr(a 2m ). 
Next 

(9.6) r(^)dr(a 2m )iV) = dr(( g *) 2 , g V"Y) < drfaW ), 

by Prop. 12.41 in). We write using (G4)' 

Ja^q 1 = G t {x)~ m a 2m {x)~ m G t < C7t 2m (G*) 2 , m = 1, 2, 
for G* = G(^) and G(s) = s m q{s). Using that \G{s)\ < Ce m we obtain that 

(9.7) 9 V"Y < Ce 2m t 2m , m = 1,2. 
From (JED and (ET5J) , we obtain 

(9.8) r(^)Af 2fe dr(a) 2m r(^) < Ce 2m t 2m N 2k+2m . 
This implies the Lemma using the higher order estimates. □ 

Proposition 9.6 Let H be an abstract QFT Hamiltonian. Assume hypotheses (Gi), for 1 < i < 
5, (Mlj, (ME), (Is) for s > 1. Let x £ Cg°(R) be supported in R\(r U 0pp(fl")). T/ien tfiere 
exists e > smc/i £/mf; 



+oo 



r(%,, (M)V rfff)e - 



2 ^<C|H|>. 

t ~ II II 



Proof. Let us first prove the proposition for x supported near an energy level A G M\TUa pp (H). 
By Thm. 17.81 we can find x G Co°(R) equal to 1 near A such that for some cq > 0: 

(9.9) x(H)[H,iA] oX (H) >c oX 2 (H). 



Let e > be a parameter which will be fixed later. Let q G Co°(|s| < 2e), < q < 1, q = 1 near 

(x) 

t 



{\s\ < e} and let q t = q{^' 
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We use the propagation observable 

*(t) :=x(ff)r(? ( )jr(? t ) x (i/). 

We fix cutoff functions g G Cq°(M), x G Cg°(R) such that 

supp^C [-4e,4e], < <? < 1, = g, XX = X- 
By Lemma [931 for m = 1 the observable is uniformly bounded. We have: 

D$(i) = x(F)dr( g *, d g t )4r(g*) X (F) + h.c. 

+x(^)[^,ir( (? i )]4r( (7 *) x ( J ff) + h.c. 

(9.10) W)[#, L4]rV) x (tf) 

= : + i? 2 (t) + «3(i) + i?4(t)- 

We have used the fact, shown in the proof of Lemma IBT21 that T(q l ) preserves V(Hq) and V{N n ) 
to expand the commutator [H, i$(i)] in (I9,10p . 

Let us first estimate R2{t). By Prop. 12.71 and hypothesis (Is) 

[v,ir( q t )]e(N + iro N (t- s ),s>i, 

for some n. Therefore by the higher order estimates and Lemma [931 for m = 1: 

(9.11) R 2 (t) G 0(t~ s ), s>l. 
We estimate now Ri(t). By Lemma [3T3l i): 

dog* = ((^ - ^(M) + h.c.) + r * =: ^ + r*. 

where r* G 0(t~ 2 ). By the higher order estimates \\x(H)dT(q t ,r t )\\ G 0(i~ 2 ), which using 
Lemma [9.51 for m = 1 yields 

|| x (JO^(?V)yr(^) x (ff)ll eo(r 2 ). 

Then we set 

Bi := xCfOdrC?*,^)^ + l)-5, 5* := (JV + 1)3 jTtfMH), 



and use the inequality 
U2) 



X(^)dr(g*, g^TtfMH) + h.c. = + B 2 B\ 



^_ — 1j\ ]j\ — J J ) ^ 2 ' 
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We can write: 

-b 2 b* = -x(tf)x(#)r(<z*)r(9<)£(iv + i)r(g t )r( g t )x(^)x(^) 

(9.13) = xiH^m^T^fiN + l)r(5*)x(fT)r(g*)x(ff) + O^ 1 ) 

In the first step we use that [xCff),r(g*)] G O^ 1 ) by LemmaEJand that ^(i\T+l)r(g*)x(iO G 
O(l) by Lemma [931 for m = 2. In the second step we use the following estimate analogous to 

x (F)r(g i )^(iv + ljr^ff) < de 2 . 

Next we use Prop. 12.41 iv) to obtain: 

BJSa = x(^)dr( g *, 5 4 ) 2 (iV + 1)-^^) 

By Prop. 19.21 we obtain 

(9.14) f + °° \\B ie - m uf- < C\\uf. 

Ji t 

To handle i?3(t), we write using Lemma HT2t 

i? 3 (t) = r 1 r(^) x ( J F/)[ J ff,u] x ( J ff)r(g t ) + o{r 2 ) 

(9.15) > c^r^VWrV) - cr 2 

yCot-^H^^M^-ct- 2 . 

It remains to estimate R/±{t). We write using Lemma ESI 

RA (t) = -i- 1 x(^)r(g*)f r(g*)x(^) 

(9.16) = -r 1 x(^)r(^)x( J ff)r(g*)4r(^)x( J ff)r(g t ) x (F) + o(r 2 ) 

Collecting fl9~T3t (l9~T5ll and (I9T61) . we obtain 

-t- 1 B%(t)B 2 (t) + i? 3 (t) + R 4 (t) 

(9.17) 

> (_ e 2 Cl + Co - e c 2 )i-M# W) 2 x(# ) + o(t~ 2 ). 

We pick now e small enough so that C = -e 2 C\ + C - eC 2 > 0. Using ([9TTD . (f97T4l) and ([9471) 
we conclude that 

D*(t) > ^fxiH^^MH) - R(t) - Ct- S , s > 1. 
where R(t) is integrable along the evolution. We finish the proof as in [DGll Prop. 11.5]. □ 
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10 Asymptotic Completeness 

In this section we prove the asymptotic completeness of wave operators. The first step is the 
geometric asymptotic completeness, identifying the asymptotic vacua with the subspace of states 
living at large times t in (x) < et for arbitrarily small e > 0. In the second step, using the 
minimal velocity estimate, one shows that these states have to be bound states of H . 

10.1 Existence of asymptotic localizations 

Theorem 10.1 Let H be an abstract QFT Hamiltonian. Assume hypotheses (Gl), (G2), (Is) 
for s > 1. Let q G Cfi°(R), < g < 1, q=l on a neighborhood of zero. Set q l = q{^-). Then 
there exists 



(10.1) s- lim e itH r(g')e- i ^ =: T+(q). 

t— »oo 

We have 

(10.2) T + (qq)=T + (q)T + (q), 

(10.3) < T + (q) < T + (q) < 1, if < q < q < 1, 

(10.4) [H,T+(q)]=0. 



The proof is completely similar to the proof of [DGll Thm. 12.1], using Prop. 19.41 An analogous 
result is true for the free Hamiltonian Hq. 

Proposition 10.2 Assume hypotheses (HI), (Gl), (G2). Let q G C°°(M), < q < I, q = 1 
near oo. Then there exists 

(10.5) S - t Hme itiJ T(9 f )e- aff » =: r+ ee (g). 

Moreover if additionally q = near then: 

(10-6) r+ ee (g)=r+ e (g)r(ll c (a;)) J 

where lc(w) is the projection on the continuous spectral subspace ofuj. 

Proof. By density it suffices to the existence of the limit (|10.5|) on rg n (f)). 
Using the identity (see e.g. [DGll Lemma 3.4]): 

^r(n) = ar(r t ,r' t ), 

we obtain for a, b £ i?(h): 

T(a)-T(b)= [ dT{ta + {l-t)b,a-b)dt. 
Jo 

It follows then from Prop l2.4l that 

5(f)) Ban T(a)(N + l)" 1 G S(r(h)) 
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is norm continuous. This implies that it suffices to prove the existence of the limit for q E C°°(M) 
< q < 1 and q = 1 near oo, q = Cst near 0. In particular q' E Co°(R\{0}). We can then repeat 
the proof of [DGll Thm. 12.1], noting that the only place where q = 1 near is needed is to 
control the commutator [V,iT(g')] which is absent in our case. This proves (|10.5I) . Restricting 
(|10.5j) to the one-particle sector we obtain the existence of 

(10.7) q + := s- lim e^g'e"^. 

By Lemma l3~3l i), we see that [x(w), q + ] = for each \ E Cg°(]R) hence q + commutes with uj. 
If q = near then clearly 

\pp[u))q + = q + i pp (uj) = 0, and hence q + = q + l c (u) = l c (o;)g + . 

We note now that 

r f + e (g)=r(g+), 

which implies (|10.6p . □ 

10.2 The projection P + . 

Theorem 10.3 Let H be an abstract QFT Hamiltonian. Assume hypotheses (Gl), (G2), (Is) 
for s > 1. Let {q n } E C^°(M) be a decreasing sequence of functions such that < q n < 1, 
q n == 1 on a neighborhood of and n^ =1 suppg n = {0}. Then 

(10.8) P n + :=s- lim T + (q n ) exists. 

n^oo 

Pq is an orthogonal projection independent on the choice of the sequence {q n }- Moreover: 

[#,P+]=0. 

Moreover if (S) holds: 

(10.9) RanP+ C fC + . 



The range of Pq" can be interpreted as the space of states asymptotically containing no bosons 
away from the origin. 

Proof. The proof is analogous to [DGll Thm. 12.3]. We will only detail (fTIOjl . Let n E N such 
that V(H n ) C V{a + *{h)) for all h E t) c (u). We will show that for u E RanP+: 

(H + b)~ n a + {h)u = 0, het) c (u). 

Since h \— > (H + b)~ n a + (h) is norm continuous by Thm. 18.21 we can assume that h E f)o- By (S) 
and the fact that u E RanP + we can choose q E C(J°(]R) with < q < 1 such that: 

u= lim e^riq^e-'^u, q t h t eo(l). 

Then: 

(H + b)- n a+{h)u = lim t _ +0 o e itH (H + b^aih^Tiq^e^u 
= lim^ +00 e itH (H + 6)-™r(g*)a(g*/ii)e- i ' i/ n 
= 0, 

using that (N + l)~ 1 a(q t ht) E o(l) and the higher order estimates. □ 
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10.3 Geometric inverse wave operators 

Let jo G C °°(M), ioo G C°°(M), < j , joo, Jo + i» < 1, io = 1 near (and hence joo = near 
0). Set j := (jo, joo), j* = UoJD- 

As in Subsect. 12.41 we introduce the operator I(j t ) : TC cxt — > H. 

Theorem 10.4 Assume (Gl), (G2), (Is) for s > 1. Then: 
i) The following limits exist: 

(10.10) s- lim e itH ° xt r(j*)e- iiH , 

(10.11) s- lim e ltH itf)^' 1 ™** . 

t— >+oo 

If we denote UlTM by W+{j), then (JEW equals W + (j)* and \\W+(j)\\ < 1. 
ii) For any bounded Borel function F one has 

W + {j)F{H) = F(H cxt )W+(j). 

Hi) Let qo,qoo £ C°°(R) ? Vqo,Vqoo E C^°(IR), < qo,qoc < lj <7o = 1 near and qoo = 1 near 
oo. Set j := (jo, joo) ■= (<7o jo, <?oo joo)- T/ien 

r+( go ) ® r+ ec (goo)vr + (j) = w + Q). 

iv) Assume additionally that j + joo = 1- T/ien RanW + (j) C ft scatt and if % G Co°W ; 

fi cxt, +x(jff cxt )H/+(i)=x(jff) _ 



Note that statement iwj of Thm. 110.41 makes sense since RanVF + (j) C ft scatt and x(H ext ) 
preserves "ft scatt . 

Proof. Statements i), ii), Hi) are proved exactly as in |DGll Thm. 12.4], we detail only iv). 

We pick q^ £ C°°(R) with qoo = 1 near oo, = near and qocjoo = joo- Applying Hi) 
for go = 1, we obtain by Hi) that 11 (g> r^^oo)^ -1- ^') = W + (j). Applying then (|10.6|) we get 
that 1 <g> T(l c (u))W + (j) = W + (j) i.e. R&nW+(j) C W scatt . The rest of the proof of iv) is as in 
[DGT1 Thm. 12.4]. □ 

10.4 Geometric asymptotic completeness 

In this subsection we will show that 

RanP + = K + . 

We call this property geometric asymptotic completeness. It will be convenient to work in the 
scattering space 7^ scatt and to treat Vt + as a partial isometry S7 + : 7^ scatt — > 7^, as explained in 
Subsect. El 
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Theorem 10.5 A ssume (Gl), (G2), (S), (Is) for s > 1, Let j n — (jo,m joo,n) satisfy the 
conditions of Subsect. \10.3[ Additionally, assume that jo jH + joo.n = 1 and that for any e > 0, 
there exists m such that, for n> m, suppjo.n C [— e, e]. Then 



ft + * = w- lim W + (j 

Besides 

/C + = RamP+. 



Proof. The proof is analogous to [DGll Thm. 12.5]. Since it is in important step, we will give 
some details. If q E Cg°(R) is such that q = 1 in a neighborhood of 0, < q < 1 then for 
sufficiently big n we have qjo >n = jo,n- Therefore, for sufficiently big n by Thm. 110.41 Hi) 

(T+(q)®l)W + (j n )-W+(jn) = 0. 

Hence 

(10.12) w - lim (p+ ® tW + (jn) ~ W + (j n )) = 0. 

Let x G Cg°(M). We have 



= fi- 




-x(H^)W + (j n ) 


(1) 


= w 


- lim n . 




(2) 


= w 


- lim n . 




(3) 


= w 


- hm n _ 




(4) 


= w 


- hm n _ 


®W + {j n )x{H) 


(5) 


= w 


- hm n _ 


-,ooW + (j n )x{H) 


(6) 



We use Thm. [TO in step (1), (fRU2l) in step (3), RanP + C K+ in step (4), Thm. MM H) in 
step (5) and (|10.12|) again in step (6). Clearly this implies that: 

n + * = w- lim W + (j n ). 

n— »oo 

Therefore by (110.121) 

Ranft+* C RanP+ <g> r(h) C /C+ <g> r(fj). 

But by construction 

Ranft+* = K + ®r(f>). 
Hence /C+ (8) r(h) = RanP + (8) r(J)), and therefore /C+ = RanP + . □ 
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10.5 Asymptotic completeness 

In this subsection, we will prove asymptotic completeness. 

Theorem 10.6 Assume hypotheses (Hi), 1 < i < 3 ; (Gi), 1 < i < 5, (Mi) i = 1,2, (Is) for 
s > 1 and (S). Then: 

k + =n pp (H). 

Proof. By Proposition 18.41 and geometric asymptotic completeness we already know that 

H PP {H) C £+ = RanP+. 

It remains to prove that P + < t pp (H), Let \ S C^(R\(tUo- pp (H))). We deduce from Prop. ESI 
in Subsect. 19.41 that there exists e > such that for q G Cq°([— e, e]) with q(x) = 1 for \x\ < e/2 
we have 

^llr^xWe-^fy <c||n|| 2 . 
Since ||r(g*)x(^)e- itH n|| -> || T + (g)x(^)^|| , we have T + (q)x(H) = 0. This implies that 

P + < Wp P (ff). 

Since r is a closed countable set and a pp (H) can accumulate only at r, we see that l pp (H) = 
^rUa pp (H). This completes the proof of the theorem. □ 

A Appendix 

A.l Proof of Lemma 13.31 

To prove i) we restrict the quadratic form [F(^-),uj] to S. Using (12. 2p . we get 

m ( 4)M = 2k Ic 9- z F(z)(z - M)-^*),^ - A dz, 

(A.l) = ^/ c ^)(z-|)- 2 [{x), W ]d Z Ad^ 

+ 1^7F Ic d ^)(z - &)-\d 2 {x) u;(z - M)"Mz A d^ 

where the right hand sides are operators on S. Since ad|^u> G S? Q \, we see that the last term 
belongs to R~ 2 S® y Using the bound ^jj-(z — ^jj-)^ 1 = 0(|Im2:| _1 ) for z G supp-F, we see that 
the last term belongs also to R~ 1 S^ y This proves i) for k = 0. 

Replacing u by [u>, (x)] and using that ad 2 ^[u>, (x)] G we get also i) for k = 1. 

ijj follows from for = since 5 is a core for u. Hi) and iv) are proved similarly, v) is 
proved as i), replacing u by [w, ia]o and using only the first line of (lA.lj) . To prove vi) we restrict 
again the quadratic form [F(^-),iv 2 ] to S and get: 

( A - 2 ) = ^Rf c d^F(zKz-^-)-'[(x),u 2 ](z-^)-'dzAdz, 

= 2k Ic d*P(z)(z - ( 2 [(x), W ] W + [ W> [<*), W ]]) (* - M)-i d2 A dl, 
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where the right hand sides are operators on S. Note that [u, [(x},u]] is bounded by (G2). We 
use next that u[z — ^-)~ 1 uj^ 1 G 0(|lmz)|~ 2 uniformly in R > 1 to obtain vi). 

To prove vii), we pick another function F\ G Cg°(R\{0}) such that F\F = F and note that 

it it it it it 

Applying again (12, 2|) . we get 

= ^rJ c ^ F ^ z ~ 7jr) _1 [<*>,&](* - ^"^AdJ, 

and the analogous formula for 6]. We use then that [(»),&] G S^ +S and Lemma l2~3l 

moving powers of (a;) through the resolvents either to the left or to the right to obtain vii). □ 

A. 2 Proof of Lemma [3.41 

We use the identity: 



u 2 = Cq 



r+co 1 

/ s~5 (oj + s) _1 ds, 



to get: 



since w > m > 0. Hence 



= u 2(<jJ - uj^oj 2f(M)+ w 2(0; — a>oo)a; 'w2[F(^),w 2] 
= w-3( w - o; 00 )o;-|(x) e (x)- e F(^) + O^ 1 ) 

= o(ir e ) + o(ir 1 ). 

The second statement of the lemma is obvious. □ 
A. 3 Proof of Lemma RT5L 

Since by (^GJJ [u, (#)] extends from S as a bounded operator on t) and 5 is a core for (x), we get 
that v preserves V((x)). Since ^r- — w is selfadjoint on V((x)) we get 

V(c) = 2?((M _ = {n g 2>«s»| _ „)„ g 2>« x ))} = V ((xf), 

so c is selfadjoint on T>((x) 2 ). Since t> G Sjj^ we get by Lemma f2T3l that J{f)cJ(^-) G 0(1) 
which proves i). 
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Let us now prove ii), We first consider the commutator [c, J(^f-)] for J G C^°(]R). We have 

= t -i(M _ „) + r i j'(M) [v , <*)](M _ v) 

+ (&-v)M(t) + M(t)(&-v), 

where M(t) G i -2 ^^ n T^^j by Lemma [3731 ij. This implies that the last two terms in the 

r„, t / i i x ) m ^ rr„, /™\i Wi ^ oc+-:h „, ^ c 

(3)' 



r.h.s. are 0(r 2 ). Using then that [v, J'(^-)] G 0(r x ) and [[«, (a;)], G 0(r x ) since u G S9 £ 



we see that 

( M _ W ) j'(M) [w , = J'(M )Ml (t) + or 1 ), 

■/'(^)[«, -v) = j'(&)M 2 ( t ) + or 1 ), 

where Mj(i) G O(l). This shows that: 

(A.3) [c ,j(M)] = ^(M)o(i) + ( t -2). 

We will use the following identities valid for A > 0: 

f + oo 



, / s~2 (A + s) -1 ds, Aa = c / s~2A(A + s)~ 1 ds, 
jo •/ o 



(A.4) A- 2 = Co 

and 

3 f + °° 1 

(A.5) A-2=2c / s"2(A + s)" 2 ds, 

which follows by differentiating the first identity of (IA.4j) w.r.t. A. A related obvious bound is: 

r+oo 

(A.6) / s~2(t- s + sy n ds = 0(t ( - n -2) s ), n >l. 

Jo 

Prom (|A.4j) we obtain that 

i /' +00 i 

(A. 7) c2 = co / s~2c(c + s)~ ds, as a strong integral on T>(c). 

Jo 



Therefore 

-+oo 



[d , = co jT °° a -l Ac, j(M)] (c + s) -i _ C (c + sy'ic, j(M)] (c + a) -i^ ds 

We use the bounds 

(A.8) iKc + s)- 1 !! < i, IKc + s)- 1 !! < (t- s + s )-\ 

and (|A.3P to obtain 

[|[ c | f j(M)]|| < cr 1 / °° a-5(t-' + a)- 1 ds = o(r 1+5 / 2 ), 
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by (|A,4|) i which proves ii). 

To prove Hi) we first compute 

(A.9) d c = -^(M _ „)2 _ A Wi i7i]( M _ „) + hx _ 

We first rewrite the second term in the r.h.s. in a convenient way: 
by ( G2), we have 

_ i 

[u,iv] = 7 2 + r_i_ £ , 7 G 5 £)( 2 1} , r_i_ e G S^}" 6 - 
Since u G S*^, we get first that: 

(A.10) (M _ e Or 1 )^ + 

We claim also that 

(a.ii) [ 7 , M _ w] e or 1 )^ 6 + ^ /2+2e - 

Clearly [7, (x)] G S (0) a . To handle [7 , f ] we use the Lie identity and write: 

(A.12) i [y,v] = -[7, k (x)]\ = [co, [(x), 7 }} + [(x), G S~ f +2e , 

which proves (|A,11|) . By Lemma f2T3l i). we get that 

ih, { -^-v], h, ^ - , ]7 g r 1 ^ + s^, 

and hence using that < e < |: 

[ W) iv ](M _ W ) + h.c. = 2 7 (M _ v)l + ^(t), 
where i?2(i) G 0(t _1 )5^ 1 + for some t\ > 0. We set now: 

R (t) = -j, Rx(t) = -(5 - 2)r 5 -\ R 3 (t) = -2 7 (M _ „) 7> 
and rewrite (|A,9|) as 

3 

d c = J^fli(t). 

i=0 

Using (|A.7|) . we obtain as a strong integral on V(c): 

d c5 = c J + °° s~5 (d c(c + s)~ l - c(c + s)~ 1 d c(c + s)^ 1 ) ds 

= E co Jo"" + s)" 1 " c(c + s)- 1 ^^)^ + s)" 1 ) ds 

i=0 

=: E /*(*)■ 

i=0 
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Using (|A,4|) we obtain 



J (t) = h(t) = cr 5 - 1 ^ = Oir 5 ' 2 - 1 ). 

It remains to handle the terms J{^j-)Ii{t)J{^j-) for i = 2, 3. We write them as: 

-CO / Q + °° S-3 J(^)C(C + Sr^iXc + S)" 1 J(M) ds . 

We will need to use the fact that O G" supp J. To do this we claim that if J, J\ G Of 
Ji = 1 near supp J then: 

(A.13) J (X )(C + S)_1(1 " Jl)( ^ ) G °(*" 2 ( r<5 + s )" 2 ) + C(t" 2 (t" 5 + s)~ 3 ) 



with 



(A.14) J(^)c(c + s)" 1 ^ - Ji)(^) G 0(t- 2 (f- 5 + s)- 1 ) + 0(t-\t- s + s)- 2 ) 

We pick Ti G Cg°(R), T x = 1 on supp J{, 7\ = on supp J. We write using (CO) : 



)(c + s) -i (1 _j 1 )(M ) 

)(c + S )- 1 [c,J 1 (^)](c + S )- 1 

.(x 



J(^)(c + aJ-iTifMjoft-i)^ + s )-l + J(M)(c + s)- 1 ©^" 2 )^ + s)" 1 



J(^)(c + ^[^(M c )]( c + s^Oit- 1 )^ + s)" 1 + J(^)(c + s^Oit- 2 )^ + s)- 1 



(x) 



= J(!f)(c + sy'Oit- 1 )^ + s^O^Xc + s)- 1 + J(if)(c + s^Oit- 2 )^ + s)-\ 

We obtain (IA.13j) using the bound ||(c + 1 1 1 < (t~ 5 + sy 1 . (|A.14|) follows from (|A.13|) using 
that c(c + s)" 1 = t-s(c + , 



r 1 . 

We hence fix a cutoff Ji G C 3O (M\{0}) such that J\ = 1 on supp J and set 

and denote by the analogs of for replaced by Ri(t). 

We claim that: 



(A.15) 



J#)(ii(t) -/<(*)) J(f)eO(r^), 



2,3. 



To prove (|A.15|) . we note that h{t) is obtained from by inserting Ji(^r-) to the left and 
right of Ri(t) under the integral sign. The error terms under the integral sign coming from this 
insertion are estimated using (|A.13jl . (IA.14j) and the fact that Ri(t) G O(l) for i = 2,3, since 

7 G S^ Q y The integrals of these error terms are estimated using (lA.6j) . which by a painful but 
straightforward computation gives (IA.15|) . 
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By Lemma l2lfl ii), we know that R2{t) G 0(t 1 61 ) for some e\ > small enough, hence 
using the bounds (IA.8j) and (IA.6I) . we obtain that for 5 > small enough 

I 2 (t) and hence J(^-)I 2 (t)J(^-) G O^ 1 - 62 ), e 2 > 0. 

To treat ^(i), we use that 

W) = iK { -j- - vH, for it = 

We claim that 

(A.16) fe^ofr 3 ^). 

Let us prove this claim. We write: 

M = (M _ u)[7t , M _ w] + [7t , M _ w]( M _ w)) 

and 

= [ 7 ,(x>]Ji(^), h,v] = [ 7 , u ]j 1 (M) + 7 [j 1 (M), w ]. 

Now 

(M _ v)bt < x >] jx(M), [ 7 , (x)] _ v) e 

This follows from the fact that [ 7 , (x)} G <S, ? e , suppJi and Lemma f2T3l ii). Similarly we 
saw m (pTl2l> that [7, u] G SJ /2+2e , which impl ies that: 

Finally using Lemma f3T3l i) we write: 

[•M^)] = +M(t), Af(t) g o(t- 2 )5 { ° 0) norVtoJ. 

_ 1 

Since 7 G S 1 ^ 2 and [(x) , v] G ML , we get that 



and since M(t) G O{t- 2 )S? 0) n Oft -1 )^ 1 * 



'(0) 1 1 ^v" ;^(o)- 
(M_ w ) 7 M(t), 7 M(i)(|-^0(r 2 ). 



Collecting the various estimates we obtain (|A,16|) . 
From the estimate of [jt,c] we obtain: 

(A.17) [ 7t , (c + s)- 1 ] G 0(t- 3 / 2+e (r 5 + S )" 2 ), 
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(A.18) [ 7t , c(c + s)- 1 ] G 0(t- 3 / 2+e (t- 5 + s)- 1 ). 

We now write: 

~h(t)= c f +co s-hU^-vht(c + srids 

-co jo + °° s-5c(c + s)" 1 ^^ - v ht(c + s^ds 
We first move 7 t to the right in the two integrals using (|A.17|) and the fact that 

->f(^-«) = Ji(^)7(^-«)€0(i), 

_ 1 

since 7 G . We obtain errors terms of size 0(t~ 3 / 2+t+5S / 2 ) using (|A.6|) . We then move 7f * to 
the left in the second integral using (|A.18|) and the fact that 

\\( { -Y-v)(c + s)- l \\ < Wckc + s)-^ <t 5 ' 2 . 

We obtain error terms of size using again (|A,6|) . Hence for 5 > small enough, we 

S I 3 (t)= c j +oo 7 ;s-k^-v)(c + s)-^ t ds 

-co ; +o ° ^s-h( C + *r W -v)(c+ sr^tds 

+o(r 1 -«) 

(x) 

for some e\ > 0. The integrals can be computed exactly since ^ — v commutes with c and are 
equal to C\{^j- — v)c~z for some constant C\ and hence 0(1). This yields: 

j(M)/ 3 ( t) j(M) = j(M) 7 * M (t)7t J(M) + OCr 1 "*) 
= j(M) 7 M(t) 7 J(M) + or 1 - 1 ), 

for M(t) G 0(1). Using also (TOBl . the same equality holds for J(^)I 3 (t)J(&). Finally we 
use that 7 J(^-) G 0(t~l), by LemmaOn) and [7, J(^)] G 0(^ 3 / 2+e ), to get: 



Hence 



J( y ) 7 Af(i) 7 J( Y) = 7 J( Y) M ^ J ( Y h + °(* )• 



j(M)/ 8 (t)j(^) = 7 j(M)m (t) j(M )7 + oft- 1 -*), 



which completes the proof of Hi), 
Let us now prove iv). Set 



^o = " v) + ' 1 = i( Y )c i( t )- 
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By Lemma [3.31 we have: 

Bl= ^-^(^(M-^+otr 1 ) 

< C (&-v)Jf(&)(&-v) + 0(t- 1 ) 

= CJ 1 2 (M)(M- ? ;) 2 J 1 (M) + 0(t- 1 ) 

= c7J 2 (M) c J 2 (M) + 0(r 5 ) 

= cj 1 (M) c |j2(M) c |j 1 (M) + o (t - e o ) 

= cb\ + o(r e °), 

where we used in the last step. Applying then Heinz theorem we obtain that 

1 5 1 < c(b\ + r t0 )^ < cb x + ct~ e °/ 2 , 

which proves iv). 

To prove v) we set 

B2 = J( M)(M_„) c § Jl( M) +1 , c .. 

Using itj and Lemma f3T3l we get: 

±B 2 = ± ((M _ U )JJ 1 (M) C I + h.c.) + 0(t- 1+5 / 2 ) 

= ± ( C 5(M - w ) c -5 JJi(^)c5 + h.c.) + 0(^ 1+<5 / 2 ) 

< Cc + 0(r 1+5 / 2 ) 

< C7(^-i») 2 + 0(r e o), 

since — v)c~z is bounded with norm O(l). Since i?2 = ■^(■^O-Efe^C^) we get 

±£ 2 < cj 2 (M )( M _ v f j 2( M) + or-) = a( M _ w) _ w) + or-), 

by Lemma l3~3l □ 
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